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Abstract: We study the equilibrium point (n∗, E∗) of the fishery model with Allee effect in its population growth dynamics. 

The Allee effect is considered to be induced by the harvesting of the fish stock. The aggregated model is a set of two 

differential equations with the fish population and harvesting effort as the dependent variables, with the market price having 

been taken to evolve faster hence the aggregation from a three dimensional system to a two dimensional system. The analysis 

of the equilibrium point is performed by looking at three cases in which the threshold population is set at three different values; 

4

n
T = , 

2

n
T =  and 

3

4

n
T = . Three different equilibrium solutions are obtained: A stable equilibrium, coexistence of three 

equilibria points with two being saddles and the other stable and the co-existence of three equilibria points with two being 

stable and a saddle between them. The equilibrium solutions depicts three kinds of fishery: A fishery with fish population 

maintained at high levels far from extinction but with little economic activity, a fishery with co-existence of an over-exploited 

and an under-exploited state, which is a dilemma since neither of the state supports sustainable fish resource exploitation, and a 

fishery that is well managed with fish population being harvested in a sustainable manner thus a balance between commercial 

harvesting and species existence. 

Keywords: Allee Effect, Fishing Mortality, Equilibrium Solution 

 

1. Introduction 

This paper is concerned with the local and bifurcation 

analysis of the equilibrium point (n∗, E∗) of the dynamical 

system in 

( )1 1 , ( ) .
n n

n rn qnE E E A qnE qn c
T K

  = − − − = − −  
  

ɺɺ    (1) 

This equilibrium is of interest because its analysis gives 

the long - term behavior of the system when harvesting is 

done hence it predicts whether the Fish stock recovers or 

extinct on harvesting thus guide sustainable harvesting of the 

fish resource, this is of importance to economists and 

conservationists. see [11, 13] 

There have been great interest in sustainable harvesting of 

the fish resource in a fishery, see for instance [1-6, 8]. 

Sustainable harvesting has been proposed by using the 

maximum sustainable yield MSY, which is the maximum 

proportion that can be removed from the stock over time 

without causing population decline below optimum level, see 

for instance [4] This is not necessarily the best management 

method sine the long run consumption profile does not 

coincide with that of utility maximization see for instance 

[8]. 

A similar equilibrium point is obtained in [1] and [9], but it 

is the interior point of the system 

( ) (1 )

1
( ) ( )

r n
E n

q k

c
E n A

qn qn

= −

= −
                            (2) 



2 Makwata Harun et al.:  Stability and Bifurcation Analysis of a Fishery Model with Allee Effects  

 

which yields E1, E2, E3, denoting unstable equilibrium, stable 

equilibrium and the co-existence of three strictly positive 

equilibria where two are stable, separated by a saddle. The 

co-existence of three positive equilibria predicts existence of 

the fishery in either an over-exploited or in an under-

exploited state which causes a dilemma since the two states 

cannot co-exist in the same fishery. 

2. Local Stability Analysis 

In model Equation (1), the n nullclines are: 0n =  and 

(1 )( 1) 0
n n

r qE
k T

− − − =  while the E nullclines are: 0E =  

and ( ) 0c qn A qnE− + − = . The equilibrium points are 

basically the intersection of E and n nullclines, that is, 

0 0

1 1

2 2

* *
3 3

( , ) (0,0)

( , ) ( , 0)

( , ) ( ,0)

( , ) ( , )

n E

n E T

n E k

n E n E

=
=
=

=

                           (3) 

Our interest is the equilibrium point (n∗, E∗) which is the 

solution of the interior point of the system 

( ) ( 1)(1 )

1
( ) ( )

r n n
E n

q T k

c
E n A

qn qn

= − −

= −
                       (4) 

Whose equilibrium points can be denoted by E1, E2, and 

E3. Equation (1) can be expressed as 

( , ) : (1 )( 1) ,

( , ) : ( ).

n n
f n E nr qnE

k T

g n E cE qnE A qnE

= − − −

= − + −
          (5) 

The Jacobian matrix is 

* * * *
* *

* * * *

*2
* *

* 2 * *2 * 2 *2 *

( , ) ( , )
( , ) :

( , ) ( , )

2 3 2
( )

2 2

n E

n E

f n E f n E
J n E

g n E g n E

r rn r
n qE r qn

T Tk k

qE A q n E c qn A q n E

 
 =
 
 

 
− + − − − =  

 − − + − 

 

To study the nature of the equilibrium point (n∗, E∗), we 

express c as a function of the equilibrium fish population n∗ 

by equating the two equations in Equation (4) to obtain 

1
(1 )( 1) ( )

r n n c
A

q k T qn qn
− − = −                   (6) 

On expansion and algebraic manipulation, the equation 

yields 

4 3 3
* 2( ) .

rqn rqn rqn
c n rqn Aqn

Tk T k
= − − + +             (7) 

With parameter values set at 

1r q A= = =  

Equation (7) becomes 

4 3 3
* 2( )

n n n
c n n n

Tk T k
= − − + +                    (8) 

We investigate this Equilibrium point (n∗, E∗) by having 

the threshold population T, as a factor of the fish population 

at a particular time n, at three different values, Laboratory 

results on specific fish species like tuna have shown that if 

the stock is harvested to a quarter of the stock available at a 

time, the population recovers to optimum levels in a duration 

of five years when harvesting is stopped see for instance. We 

analyze each of this case since harvesting is a continuous 

process and the results are contained in the propositions and 

their proofs herein. 

2.1. Case One: 
4

= n
T  

With 
4

n
T =  Equation (7) becomes 

3
23

( ) 3 .
rn

c n rn An
k

= − +                        (9) 

Figure 1 shows how c(n) depends on K. 

Proposition 2.1 

For 
4

n
T =  there are three equilibrium points (ni

∗, Ei
∗) with 

i = 1, 2, 3 satisfying the Equilibrium condition 
*

* 3 (1 )
n

E r
k

= −  

Such that * *
1( , )in E  and * *

2 2( , )n E being saddle points 

while * *
3 3( , )n E  is a stable equilibrium point. 

Proof 

The Jacobian matrix for this value of T is 

* *

2 2 2 *2 *

3

( , ) : .

2 2

rn
qn

kJ n E

qEA q nE q n E

− − =  
 − − 

 

The trace is 2 *2 *3
( , ) 2 0.

rn
trJ n E q n E

k
= − − <  

The determinant * * 2 *3 * 2 * * * *3
( , ) ( 2 )

r
DetJ n E q n E q n E A qn E

k
= + −  

which is equal to 

* * 2 * * *2 * *3
( , ) ( 2 )

r
DetJ n E q n E n qn E A

k
= − +  

Using 
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3
(1 ).

r n
E

q k
= −                                 (10) 

we have 

*
* 3 (1 )

n
qE r

k
= −  

which when substituted in the expression for determinant we 

obtain 

* * 2 * * *2 *

2 * *
1

9
( , ) ( 6 )

( )

r
DetJ n E q n E n n r A

k

q n E ψ

= − +

=
 

The derivative of 
3

23
( ) 3

rn
c n rn n

K
= − +  with respect to n  

is * *2 *9
( ) 6 .

r
n n rn A

k
∂ = − +  The solution to this quadratic 

equation is 

*
1,2 1 1

3

k A
n

kr

 
= ± −  

 
                            (11) 

*( )n∂ is equal to ψ1 and sign DetJ (n∗, E∗) = sign ψ1. From 

the Figure 1 above, we have sign ( )n∂ = sign DetJ(n∗,E∗) >0 

when n ⊆ [n2,+∞] and sign c′(n) = sign DetJ(n∗,E∗) < 0 when 

n ⊆ [0,n1]∪[n1,n2] With c(n1) > 0 and c(n2) < 0 we have 

three equilibrium points ( ) ( ) ( )* * * * * *
1 1 2 2 3 3, , , , ,n E n E n E  such that 

* * *
1 1 2 2 3n n n n n< < < < . For ( )* * *

3 3 2 3, ,n E n n< , sign ( )n∂ = sign 

( )* *, 0DetJ n E > thus stable since ( )* *
3 3det , 0J n E >  and

( )* *
3 3, 0trJ n E < . For ( ) ( )* * * * * *

1 1 2 2 1 1 2, , , ,n E n E n n n< <  sign 

( )n∂ = sign ( )* *, 0DetJ n E <  thus saddle equilibrium points 

since trJ(n∗,E∗) < 0 and DetJ(n∗,E∗) < 0. 

2.2. Case Two: 
2

n
T =  

For 
2

n
T = Equation (7) becomes 

3
2( )

rn
C n rn An

K
= − +                         (12) 

the graph of Equation (12) shows that as the parameter value 

k varies 

the number of Equilibrium point is one for k < 3 and two 

more equilibrium points emerges for k > 3 as seen in Figure 

2. In this case, * *2 *3
( ) 2

r
n n rn A

k
∂ = − + . The solution n∗ 

for 

*( ) 0n∂ = are 

*
1,2

3
1 1

3

k A
n

kr

 
= ± −  

 
                         (13) 

Furthermore, The Jacobian matrix with respect to these 

value of T is 

( )
( )

* *

* *

* * * 2 *2 *

,

2

r
n qn

kJ n E

qE A qn E q n E

 − − 
=  
 − −
 

 

The trace and the determinant of are; 

Trace of 

* * * 2 *2 *( , ) ( ) 0
r

J n E tr J n q n E
k

= = − − <  

and 

Determinant of 

( )* * 2 * * *2 * *, ( ) : 2
r

J n E Det J q n E n A qn E
k

 = = + − 
 

 

respectively. Using 

*
* 1

r n
E

q k

 
= −  

 
 

in det(J), we obtain 

2 * * *
2( ) ( ),Det J q n E nψ=  

where * *2 *
2

3
( ) : 2

r
n n rn A

k
ψ = − + . Since q

2
n∗E∗ 

is positive, 

the sign of Det(J) depends on ψ2(n∗). For Det(J), ψ2(n) and 

( )n∂ have the same sign, we have; 

( ) 0Det J >  if [ ] [ ]1 20, , ,n n n∈ +∞∪  

( ) 0Det J < 	if	 ( )1 2, .n n n∈ 	

If 
3A

r
k

< , then *( )n∂  is positive and c(n∗) is monotonic 

increasing with complex roots. If 
3A

r
k

>  then there are two 

real zero’s for *( )n∂ . If 
3A

r
k

=  the two real zero’s coincide. 

At this point *
1,2

3

k
n = , the parameters have further 

relationship as 
9

k
c =  and 

*
* 2

1
r n A

E
q k k

 
= − =  

 
. Further 

analysis distinguishes two different cases: 

Proposition 2.2 

For 
3

0
A

r
k

< < and 
c

k
Aq

> , E2 is a saddle point and 

(n∗,E∗) is a positive stable equilibrium point. 
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Proof 

If 
3

0
A

r
k

< < 0 in Equation (13), the sign of *( )n∂  is 

positive. Moreover, ( )* *6
2

rq
n n rq

k
∂ = − implies that *

3

k
n =  

is a point of inflection. We have ( )c k qAk=  but since c is 

strictly increasing and may take positive or negative values 

depending on
 

k, we consider ( )c k qAk c= − and as 

lim ( )n c n→+∞ = +∞ , we conclude that c vanishes at a unique 

point n
*
, thus we obtain a unique equilibrium point ( )* *,n E . 

If
c

k
Aq

< , then ( ) 0c k < and c vanishes at a value *n k> , 

which correspond to the negative effort equilibrium point 

( )* 0E < . In this case, the equilibrium point 2E  is a stable 

equilibrium but ( )* *,n E  does not present any interest since 

it is corresponding to unrealistic negative fishing effort, but if 

c
k

Aq
>  then ( ) 0c k > and c vanishes at a value *n k< , with 

a positive effort equilibrium ( )* 0E > . In this case 2E is a 

saddle point and ( )* *,n E  is the unique positive stable since 

( )* *
3 3det , 0J n E >  and ( )* *

3 3, 0trJ n E < . 

Proposition 2.3 

For 
3

0
A

r
k

< < , ( )* *: ,I i iE n E=  for i = 1, 2, 3 are three 

positive equilibrium points such that we have the following 

subcases: 

If * *
1( ) 0, ( ) 0c n c n< < , we obtain a unique positive and 

stable equilibrium point (n∗,E∗); 

If ( )*
1 0c n > and ( )*

2 0c n >  , we obtain a unique 

positive and stable equilibrium point (n∗,E∗); 

If ( )*
1 0c n > and ( )*

2 0c n < , we obtain three positive 

equilibrium points (n∗
i,Ei

∗) for i = 1, 2, 3 whereby ( )* *
1 1,n E  

and ( )* *
3 3,n E  are stable while ( )* *

2 2,n E  is a saddle 

equilibrium point. 

1

3
0 1 1

3 3

k A k
n

rk

 
≤ = − − <  

 
 

and 

2

3
1 1

3 3

k k A
n k

rk

 
< = + − <  

 
 

Recall that ( )*
*lim

n
c n→+∞ = +∞ . As ( )*

1c n  and ( )*
2c n  

can have positive or negative signs, so for subcase 1, with 

( ) ( )* *
10, 0c n c n< <  and n∗ 

> n1, det(J) > 0 and tr(J) < 0 

thus a stable equilibrium point (n∗,E∗). For Subcase 

2, since ( )*
1 0c n >  and ( )*

2 0c n > , with 

* *
1 , det( ) 0n n J< >  and ( ) 0tr J <  thus a stable equilibrium 

point (n∗,E∗). Finally for Subcase 3, given that 

* * *
1 1 2 2 3n n n n n< < < <  is satisfied, ( )* *

1 1,n E  and ( )* *
3 3,n E  are 

stable since det(J) > 0 and tr(J) < 0 while ( )* *
2 2,n E  is a 

saddle equilibrium point since det(J) < 0 and tr(J) < 0. 

2.3. Case Three: 
3

4

n
T =  

With 
3

4

n
T =  Equation (7) becomes 

( )
3

2

3 3

rn r
c n n An

k
= − +                       (14) 

Figure 3 shows how c(n) depends on k 

The derivative of Equation (14) with respect to n is 

( )* *2 *2

3

r
n n rn A

k
∂ = − +  which vanishes at 

*
1,2

2 1
1

3 9

k A
n k

kr

 
= ± −  

 
                      (15) 

The Equation (15) has complex roots not relevant to a 

realistic fish population. 

Proposition 2.4 

For 
3

4

n
T =  there is one equilibrium point (n∗,E∗) 

satisfying the equilibrium condition 

( )
*

* 1
3

r n
E n

k

 
= −  

 
                       (16) 

which is stable. 

Proof 

The Jacobian matrix corresponding to this value of T is 

( )* *

2 2 2 *2 *

3, :

2 2

rn
qn

kJ n E

qEA q nE q n E

− − =  
 − − 

 

The trace is ( ) 2 *2 *, 2 0
3

rn
tr n E q n E

k
= − − < . 

The determinant is 

( ) ( )* * 2 *3 * 2 * * * *, 2
3

r
DetJ n E q n E q n E A qn E

k
= + −  

which is equal to 
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( )* * 2 * * *2 * *, 2
3

r
DetJ n E q n E n qn E A

k

 = − + 
 

 

Using 

1 ,
3

r n
E

q k

= −


                                  (17) 

in the expression of the determinant, we obtain 

( ) ( )* * 2 * * *2 * 2 * *
3

2
,

3

r
DetJ n E q n E n n r A q n E

k
ψ = − + = 

 
 

The Figure 3 shows that ( ) 0n∂ >  and c(n) is monotone 

increasing thus c(n) vanishes at a unique value n∗ 
< k. Since 

the sign of the determinant is the same as the sign of ψ3 

which is also the sign of ∂ , the equilibrium point (n∗,E∗) is 

stable since sign ( )n∂  = sign DetJ(n∗,E∗) < 0. 

3. Bifurcation Analysis 

In this section, we examine the case where 
2

n
T =  for k=2, 

3, there is one equilibrium point and when k = 4, 5, two more 

equilibrium points emerges depicting a bifurcation. The 

model in Equation (1) when T is replaced with 
2

n
T =  it 

becomes 

( )( )

1 ,

,

n
n n r qE

k

E E c qn A qnE

  = − −  
  

= − + −

ɺ

ɺ

                           (18) 

3.1. Non-dimensionalization 

We non-dimensionalize Equation (18) by making the 

following transformations 

: , : , : ,
q

v qn q At
A

ε τ= = =                  (19) 

and introducing the parameters; 

: , : , :
r c

qk
A q A q

ρ γ κ= =                   (20) 

By chain rule, the derivative of n is given thus: 

. .
dn dv dr dv

n A
dv dr dt dr

= =ɺ                          (21) 

using (19), (20) and (21) in the first equation of (18) we get 

2

2
1 .

dv v v v A
A A q

dr kq n q

ερ
  = − −     

                  (22) 

which upon simplification yields: 

1 ,
v

v v
k

ρ ε  = − −  
  

ɺ                                (23) 

where the dot. indicates differentiation with respect to τ. 

Similarly, the derivative of E is given in dimensionless terms 

by: 

2. . ,
dE d d d

E A
d d dt d

ε τ ε
ε τ τ

= =ɺ  

which upon substitution in the second equation of (18) and 

the use of the dimensionless variables and parameters in (22) 

and (23), we obtain: 

2 ,
d A v v A

A A q q A q
d qq q q

ε ε εγ
τ

  
 = − + − 

    
           (24) 

that simplifies: 

ε˙ = ε (−γ + υ (1 − ευ))                            (25) 

The model expressed in dimensionless terms becomes: 

( )( )

1 ,

1 ,

v
v v

k

v v

ρ ε

ε ε γ ε

  = − −  
  

= − + −

ɺ

ɺ

                         (26) 

where the dot denotes differentiation with respect to time τ. 

Three parameters: κ, ρ, γ remains. These parameters are 

interpreted as follows: in case ρ ≪ 1, and γ ≪ 1, then A q ≫ 

r and A q ≫ c where we have demand driven over-

exploitation of the resource. If γ ≫ 1 and ρ ≫ 1 then it 

follows that A q 〈〈 r and A q 〈〈  c which will lead to 

under-exploitation of the fish resource. 

3.2. Bifurcation 

In this subsection, we compare dimensionless model in 

Equation (26) to Equation (18), and observe that if we set r = 

q = A = 1 in (18), we obtain 20 with υ = n, ε = E, ρ = r, γ = c 

and κ = k, thus, we use initial parameters k, c and r. 

Bifurcation will show us the long-term dynamic behavior of 

the aggregated model. We shall show that there is a value of 

the bifurcation parameter k =: k0 where the system in (26) 

undergoes a saddle-node bifurcation showing the co-

existence of two stable equilibria separated by a saddle, 

whereby the fish population and the fishing effort varies with 

k. This is done by stating and proofing Proposition 3.1 and 

describing two bifurcation diagrams that show the number 

and type of stability of points of equilibria as k is varied. 

Proposition 3.1 

For n > 2c, there is a value of k =: k0 where the system in 

Equation (18) undergoes saddle - node bifurcation as the fish 

population and the fishing effort dynamics varies with the 

carrying capacity. Furthermore, for k < k0, there are only two 
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equilibria while when k > k0, two more equilibria emerge, 

one stable and the other unstable. 

Proof 

Using Equations (1) and 

( )

( )

1

1
,

r n
E n

q k

c
E n A

qn qn

 = − 
 

 
= − 

 

                          (27) 

and further aggregation, we obtain 

( ) ( ), : ,n n n k n kϕ= = Φɺ  

where 

( )
2

1
, : 1 ,

n c
n k

k n n
ϕ = − − +                          (28) 

Clearly, n = 0 and the curve ϕ(n,k) = 0 gives the 

equilibrium points. For the stability of the equilibria points 

ϕ(n,k) = 0, we have 

Φ′(n,k) = ϕ(n,k) + nϕ′(n,k), 

when ϕ(n,k) = 0, we obtain 

Φ′(n,k) = nϕ′(n,k), 

where the prime indicates differentiation with respect to n. 

There is stability when ϕ
′
(n,k) < 0 and instability when 

ϕ
′
(n,k) > 0. Since ϕ

′
(n,k) is continuous for n > 0, we have a 

change in stability at ϕ
′
(n,k) = 0; that is, 

( )
3 2

1 2 1
' , 0

c
n k

k n n
ϕ −= − + =  

or 

3 2 0n ck nk− − + =  

and find that 

3

0 : ,
2

n
k k

n c
= =

−
                                 (29) 

as the value of k where a bifurcation occurs. 

To be able to indicate the nature of stability in the 

bifurcation diagram in Figure obtained using (28), consider 

n˙ = nϕ(n,k) = 0. 

The curve ϕ(n,k) = 0 defines equilibrium point (n∗,k∗). 

Clearly 

( )
*

* *

2
, 0,

d n
n k

dk k

ϕ = >  

thus by the Implicit Function Theorem, there exists 

ϕ(n,k(n)) = 0,                            (30) 

k(n) defined in the neighborhood of (n∗,k∗) with k(n∗) = k∗ 
as 

smooth as ϕ(n,k). Differentiating (30) with respect to n, we get 

0
d d dk

dn dk dn

ϕ ϕ+ =  

and hence 

d d dn

dn dk dn

ϕ ϕ= −  

from which we can see that 

d dk
sign sign

dn dn

ϕ   = −   
   

 

Hence the nature of stability in the bifurcation diagram in 

Figure 4, where the variation of k, beyond k =: k0 as earlier 

defined in (28) leads to creation of two more additional 

equilibrium solutions. This is a bifurcation with the fish 

population as the variable and the carrying capacity k as the 

bifurcation parameter. 

For the variation of the fishing effort with the carrying 

capacity as the bifurcation parameter, we obtain 

where q = A = 1 in Equation (1). Similarly, we also obtain 

( )1= −n k E  

from Equation 4.6 such that 

( )
( ) )

33

0

1
: ,

1 2

k E
k k

k E c

−
= =

− −
                        (31) 

is the bifurcation value and further aggregation yields 

( ) ( ), : ,E E E k E k= Θ = Ψɺ  

where 

Θ(E,k):= −c + k − kE − k
2
E + 2k

2
E

2 
− k

2
E

3
.    (32) 

Clearly, E = 0 and the curve Θ(E,k) = 0 gives equilibrium 

points. For the stability of the equilibrium points Θ(E,k) = 0, 

we have 

Ψ
′
(E,k) = Θ(E,k) + EΘ

′
(E,k), 

and hence 

Ψ′(E,k) = EΘ′(E,k), 

if evaluated at Θ(E,k) = 0. The prime indicates differentiation 

with respect to E. There is stability when Θ
′
(E,k) < 0 and 

instability when Θ
′
(E,k) > 0. Since Θ

′
(E,k) is continuous with 

E > 0, there is a change in stability at Θ
′
(E,k) = 0. To indicate 

the nature of stability, consider 

E˙ = EΘ(E,k) = 0. 

The curve Θ(E,k) = 0 defines equilibrium points (E∗,k∗). 
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2 31 2 4 2 ,
d

E kE kE kE
dk

Θ = − − + −  

where it is seen that ( )* *, 0
d

E k
dk

Θ <  for 
*

0E > . Thus, by 

the Implicit Function Theorem, there exists 

Θ(E,k(E)) = 0,                             (33) 

k(E) defined in the neighborhood of (E∗,k∗) with k(E∗) = k∗
 
as 

smooth as Θ(E,k). Differentiating Equation (33) with respect 

to E, we obtain 

0
d d dk

dE dk dE

Θ Θ+ =  

Thus 

.
d d dk

dE dk dE

Θ Θ= −  

Since 0
d

dk

Θ < , it is evident that 

d dk
sign sign

dE dE

Θ   =   
   

 

as seen in Figure obtained using (32). The stability changes 

at Θ
′
(E,k) = 0, hence the nature of stability shown. There is 

existence of only two equilibrium solutions before the 

bifurcation parameter k passes through the critical value k =: 

k0 defined in (31) where two more equilibrium solutions are 

generated, one being stable and the other unstable as seen in 

Figure 5. 

4. Discussion 

We have presented an analysis of the equilibrium point (n∗,E∗) 

of the model in Equation (1) by considering three different 

values of the threshold population T. For 
4

n
T = , there is (ni

∗,Ei
∗) 

for i = 1, 2, 3 where there are three positive equilibria, two 

saddles and one stable. For 
2

n
T = , there are three cases: 

Unstable equilibria, stable equilibria and co-existence of three 

equilibria, two stable separated by a saddle. For 
3

4

n
T = , there is 

only one positive equilibrium which is stable. 

The three equilibria with two saddle and a stable predicts a 

fishery exhibiting management practices to enhance 

sustainable harvesting. The equilibria ( )* *
2 2,n E  corresponds 

to harvesting which maintains the stock at values favourable 

for recovery though unstable since if the management 

practices are not enforced, the fishery slides to 

( )* *
1 1,n E  where the stock faces a risk of extinction due to 

huge economic activity. If fishery management practices like 

moratorium are enforced for the fishery then, the fishery 

shifts to a stable state of huge fish stock but little economic 

activity ( )* *
3 3,n E . Co-existence of two stable equilibria 

separated by a saddle presents a dilemma of coexistence of 

the fishery in two states: Under-exploited and Over-exploited 

as discussed in [9]. 

A positive stable equilibrium predicts a fishery in an 

under- exploited state in which the stock is huge far from 

extinction but with minimal economic activity. These results 

shows that the use of the population growth equation that has 

a depensation term yields non trivial results in which the 

equilibria with harvesting now predicts a fishery that can be 

guided by management practices for sustainable exploitation. 

Appropriateness of the fishery management practices ensure 

the state of sustainable harvesting is maintained for the 

benefit of both economists and conservationists. 

5. Conclusion 

In this work, we have considered a fishery model with Allee 

effects in the population growth. Analysis of the interior point 

(n∗, E∗) is considering the threshold population at three 

different values. Results obtained differ significantly with 

those obtained in the models without Allee effect. The 

dilemma of the co-existence of the fishery in the over- 

exploited and under – exploited state which both do not 

support sustainable resource exploitation is resolved by the 

equilibrium solution that depicts a fishery with sustainable 

resource exploitation. However, many commercial fish species 

are highly migratory in search of food and spawning grounds 

and so is, most harvesting strategy for this species as the 

fishing vessels moves to zones with high stock density. 

Therefore, a fishery model with Allee effects in the population 

growth with the migrations in both the fish stock and the 

fishing vessels can be considered for further research, since 

species extinction is a staking reality, see [7, 9, 12, 14, 15]. 

Appendix 

    

Figure 1. The function c(n∗) plotted for k = 2,3,4 and 5. 
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Figure 2. The function c(n∗) plotted for k = 2,3,4 and 5. 

 

Figure 3. The function c(n∗) plotted for k = 2,3,4 and 5. 

 

Figure 4. One Parameter bifurcation diagram for fish population with k as parameter. 

 

Figure 5. One Parameter bifurcation diagram for Fishing Effort with k as parameter. 
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