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Abstract

The rank and subdegrees of the action of A, x A, x A, x A, acting on W x x[21 x y[2l x 7[2I are
determined in this paper. Using combinatorics and mathematical induction, the rank of A, X A, X 4, X

A, ( Vn=4) acting on W x x[2I x yl2l x 7[21 "is 2% and the subdegrees are: 1, 4(( n )—

o6 () 1) () -1) e ((G2)-1)-
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1 Preliminaries

1.1 Introduction

The following notations have been used as described: X[?! - the set of ordered pair of X; [x;,x,] - an ordered
pair in set X!2I: |X| - number of elements in set X; |X[2!] -number of elements in set X[2l; w2l x x[2I x y[2] x
721 - Cartesian product of four sets of ordered pairs, Ap, X Ay, X Ap, X Ay, - direct product of three alternating
groups; Stabg, - stabilizer of point x in G and Orbg_ - Orbit of G containing x.

The Cartesian product of ordered sets of pairs W 2!, x[2 yl2land Z[2] is defined as the set of all ordered pairs
(w,x,y,z) suchthat we Wl xexl? yeylRland ze z[2

Higman (1964) worked on finite permutation groups of rank 3 and proved that the rank of any 4 —fold
transitive group is 3 when considered as a group of permutations of unordered pairs of distinct letters. Higman
(1970) established that the action of S, on 2-element subsets from the set X = {1,2,...,n} hasrank 3 with
subdegrees as: 1,2(n —1) and (%)

Nyaga (2018) showed that the action of direct product of 4,, is transitive on the Cartesian product of 3 sets. The
rank and subdegrees associated with this action for n > 4 is 8; and 1, (n — 1), (n — 1)2, (n — 1)3 respectively.
Mutua et al., (2018) found the action of direct product of S, XA, on P X Q to be transitive and also
imprimitive provided n > 3. The associated rank for this action is 6 when n = 3, but is 4 for alln > 3. The
subdegrees are: 1, (n — 1), (n — 1), (n — 1)2. Mutua et al., (2018) established that for n > 4, the sub-orbits are
self-paired thus the respective graphs for the suborbits are un-directed.

Maraka et al., (2025) showed that the action of the direct product of three alternating groups acting on the

Cartesian product of three sets of ordered ¢ —tuples has a rank of 8 and the subdgrees are: 1, 3 (( n ) -

1),3 (((nf;)!) - 1)2 and (((nf!{p)!) - 1)3 .

In this paper therefore, the rank and subdegrees of the action of A, x A, x A, x A, acting on Wl x x[2 x
Y2l x z[2] are determined. Future studies shall focus on the suborbital graphs associated with this action.

1.2 Definitions and theorems
Definition 1.1.1. Group action (Njagi, 2016)

Given a group G and a non-empty set X , the action of G to the left of X matches a unique element gx € X if
V g € G suchthatforall x € X and g,,9, € G:

(i) (9192)x = g1 (g2)x.
(i) e.x = x, given that e is the identity in G.

When G acts from the right side of X, its action can similarly be denoted as such.
Definition 1.1.2. Transitive group (Kinyanjui et al., 2013)

A group G is termed to act transitively on a set X provided forall x,y € X, 3g € G: g(x) =y, that is, the
action gives only a one orbit.

Definition 1.1.3. Stabilizer of an Element (Rose, 1978)

Let x e Xandagroup G acton X. The stabilizer of x in G isgiven by Stab;(x) = {g €G: gx = x}.

30



Maraka; Asian Res. J. Math., vol. 21, no. 9, pp. 29-36, 2025; Article no.ARJOM.142792

Definition 1.1.4. Fixed point (Njagi, 2016)

Given a non-empty set X and group G acting on X with g € G. The set of elements x fixed by g € G is referred
to as fixed point set of h givenby Fix (g) = {x eP: h(x) = x}.

Definition 1.1.5. Orbit (Kinyanjui et al., 2013)

For x € X, the action of a group G on X, partitions X into separate equivalence classes known as orbits. Hence,
Orbg(x) = {gx:g € G}.

Definition 1.1.6. Rank and Subdegrees (Nyaga, 2018)

Given that the action of G on a set X is transitive and x € X. The orbits of G, on X are referred to as the
suborbits. The rank of G on X is the number of those suborbits and their sizes are called subdegrees of G on X.

Definition 1.1.7. Direct product action (Cameron et al., 2008)

Given (G4, X) and (G,, Y) as permutation groups. The direct product G; X G, acts on the separate union X UY
by the law  x(g1,gz) = {xgl' x€ X
y 91, 92 Y92 ¥ ey
(x91,Y92).

and on Cartesian product X xY by the law (x,y)(g1,92) =
Theorem 1.1.8. (Maraka et al., 2024)

The action of 4,, X ..X 4, _, (vm < o) on X, x ... x X,,'! is transitive, v n — ¢ > 2.

Theorem 1.1.9. Orbit — Stabilizer Theorem (Rose, 1978)

Given G actsonaset X, |Orb; (x)| = |G: Stabg; (x)|.

Theorem 1.1.10 (Armstrong, 2013)

The G; X G,-orbit containing (x,y) € X XY is given by Orbg, (x) X Orbg,(y) and the stabilizer of (x,y) is
given by Stabg, (x) X Stabg,(y).

2 Main Results

Theorem 2.1 (Rank)

The rank of G = A, X A, X A, X A,,(n = 4) actingon W2 x x[21 x y[21 x 72 s 2%,
Proof:

Suppose G acts on Wl x xl2l x vyl x 721 et [wy,w,] € WE [x,,x,] € X2, [y,,y,] € Y2 and
[21,2,] € z12,

LEt Q = {[Wll WZ]I [xll xZ]l [yll )’2]; [le ZZ]}'
Then, G, has orbits with exactly four, three, two, one or no ordered pairs of elements from Q .
There is only one way of choosing an element with exactly 4 ordered pairs from Q, thatis, 4C, = 1.

There are only four possible ways of selecting an element with exactly three ordered pairs from @, that is,
4C; = 4. So, there are 4 orbits of G, containing exactly 3 —ordered pairs elements from Q.
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There are only 6 possible ways of selecting an element with exactly two ordered pairs of elements from Q, that
is, 4C, = 6. Thus, there are 6 orbits with exactly 2-ordered pairs from Q.

There are only four ways selecting an element with exactly one ordered pair of elements from Q, that is, 4C; =
4. So, there are four orbits with exactly 1-ordered pair from Q.

Lastly, there is only one way of selecting an element with no ordered pairs from Q. That is, there are 4C, = 1
orbit with no ordered pair from Q.

The rank of G on W2l x x[2 x yl2l x 7121 js;

R(G) = 4C, +4Cs +4C, +4C, +4C, =1+ 4+ 6+ 4+ 1.
R(G) = 16 = 2*.

Theorem 2.2 (Subdegrees).
The subdegrees of G =A, XA, XA, X A,, (n=4) acting on WP x x[21 xyll x 721 are; 1,

() 1) () 1) o () 1) om0 (o)1)

Proof:

Let Q = {[WIF WZ]! [xl' xZ]! [yl' }’2]; [le ZZ]}'
Suppose G = A, X A, X A, X A,, acts on W2l x X121 x y[2l x 7121 Then, W2 = {[w,, w,], ..., [w,, wy_11},

X2 = {[x;, %], .., [, Xn-11}, e = {ly, ¥21, ) [Yn yn-11} and Z2 = {[z,,2,], ..., [z, Zn—11}-

Let Q = {[Wll WZ]! [xll xz], [yll YZ]; [le ZZ]}'

By Armstrong Theorem, we have; OTbGQ = Orbg,, X Orbg, X Orbg, X Orbg,.

Lety W[Z]’ = {[Wll WZ]}\W[2]1 X[Z], = {[xll x2]}\X[2]7 Y[Z], = {[yll yZ]}\Y[Z] and Z[Z], = {[21!22]}\Z[2]'

n!

Theretore, w | = x| = | = 7] = ( () - 1),
The 2* orbits of Orbg, are:

(a) The suborbit containing exactly four ordered pairs of elements from Q.

There is only one orbit of G, containing exactly 4 —ordered pairs elements from Q.
A= OTbGQ{[Wp wl, [x1, %21, [y, v21, (21, 2,13

[Aol = [[wy, wall X |[21, 2211 X |[y1, Y211 X |[21, 2,]]
Thus, [Aq] = 1.
(b) Suborbits containing exactly three ordered pairs of elements from Q.

There are 4 orbits of G, containing exactly 3 —ordered pairs elements from Q.

A= OrbGQ{W" [x1,%2), [y1, 2], [21, 221 }: W' € w2
1A,] = [WE| x [[xg, %511 X [y, y2]1 % |[21, 2,]]
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=Wl x1x1x1

“({ap) 2 )ramie
(n—2)!
Thus, |A;| = (((nTZ)!) - 1>I

A= OrbGQ{[Wp wal, X', [y1, y2l, (21, 2,1 %" € X[Z]’

18,1 = [[wy, wyoll X [X2| x |1y, yo 11| % | Iz, 2]
=1x[x®|x1x1

=1><<((n+!2)!)_1)><1><1
Thus, |Az] = (((HTZ)!) B 1)

As= 0rbgy{[wy, w5), [x1,%,) ¥, [21, 2,1} y' € Y2

[As] = [[wy, wa]| X [[x1, %] X |Y[2] | X |[z1, z,]|
=1x1x|r®|x1

=1><1><<<(ni7!2)!>—1>><1
Thus, |A;| = (((nilz)!) - 1>'

By= Orbgo{lws, w1, 41, %51, 1, 3,1, 2'): 2 € 2P

[A4] = [[wy, wall X [[x1, %211 X [[y1, ¥2]1 X |Z[2] |
=1x1x1x |z

=1xlxlx<QFg5a_1)
Thus, Al = (((nTZ)!) B 1>'

Therefore, |A;] = |A,] = |A5] = |A,].

(c) Suborbits containing exactly two ordered pairs of elements from Q.

There are 6 orbits with exactly 2-ordered pairs from Q.
A= 0rbgy (W', x', [y1, o). 21, 2]} w' € Wy € 12

1As] = (W | x |Y| x |[xy, %11 X [y, v

(25 -) () o
Thus, |As] = (((nr—l!z)!) - 1>2'
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2
But, 1851 = [86] = [87] = 18] = 10| = 85| = (((,%2)!) - 1) .

(d) Suborbits containing exactly one ordered pair of elements from Q.
There are 4 orbits with exactly 2-ordered pairs from Q.
Allz OT'bGQ{[Wl, Wz], x,, y’, Z’}: x’ € X[Z]’, y, € Y[Z]’, Z, € Z[Z]’

|A11| = |[W1’W2]| X |X[2]’| X |Y[2]’| X |Z[2]’|

n! n! n!
=1x (((n - 2)!) - 1) % <((n - 2)!) - 1) % <<(n - 2)!) - 1)
Thus, Ag] = (((n%) - 1) .

!
But, [A11] = |A] = |Agz] = [Agy] = <($) - 1) .

(e) Suborbits with no ordered pair of elements from Q.

There is only one orbit of G, having no ordered pairs elements from Q.

A15= OT'bGQ{W”x”yI’Z,}: w' e W[Z]”x, € X[Z],’y’ e Y[2]"Z’ c Z[z]’
s = [WE] x [xET] x [yr] |27

- (((ni—lz)') B 1) % <<(nf—l2)') - 1) % <<(n f!2)!) B 1) % <((n sz) B 1)
Thus, |Ays| = ((ﬁ) - 1)4.

Table of Subdegrees of A, x A, x A, x A, acting on W2l x x[2I x y[2l x zl2]

Length of 1 n! B n 2 nl 3 n 4
suborbit <((n - 2)!> 1) <<(n - 2)!) B 1) (((n - 2)!) B 1) <((n - 2)!) B 1>
Number of 1 4 6 4 1
suborbits

Theorem 2.3 (Summation of subdegrees)

The sum of the number of elements in all the 16 Q —orbits of G = 4,, X 4,, X A,, X 4,,, (n = 4) acting on

W x x[21 x y[21 x 7121 equals the cardinality of W2l x x[21 x Y2l x z[2] that is; 1 + 4(( n ) - 1> +

(n=-2)!
6 (((nf;)!) - 1)2 +4 (((n’_”z)!) - 1)3 + <((n’_”2)!) - 1>4 = (W12 x x121 x y12l x 7],
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Proof:

n!

The cardinality, |W! x X2 x 12! x z[2]| = (
(n—-2)!
equivalent to the cardinality of W12 x x[21 x y[2l x 7z[2],

Let t = ((n'_l;)!). So, we have;
14+4(t—-1)+6{(t—1)?}+4{¢t -1)3}+ (t — 1)*

=144t —44+6t2—12t+6+4t3 —12t> 4+ 12t — 4+ t* —4t3 + 6t> — 4t + 1 = t*

4
) . It suffices to show that sum of the subdgrees is

so t* =( "! )4= [W2l x x[21 x yI21 x 7121,

n
But, t = ( )

(n—.Z)!)’
3 Conclusion

From this research, it can be concluded that the rank of A, X A, X A, X A,, (V¥ n = 4) acting on Wl x

2 3
2] 2] [2] s 94 . LI o) ) _
X x vyt x z is 2% and the subdegrees are: 1, 4<((n_2)!) 1),6 <((n_2)!) 1) ,4(((n_2)!) 1)

and (((ni)!) - 1)4.
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