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Abstract

Skew quasi-p-class (Q) operator is introduced. We show that this class satisfies Bishop’s property.
We equally show that this class is isoloid and polaroid. Results linking this class to other classes
such as class (Q) are also given and a result showing that this class doesn’t preserve similarity of

operators is outlined.
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1. Introduction

H represents the usual Hilbert space in this paper. All operators are bounded unless otherwise. o (S)
is the spectrum of S while 0, (S) its point spectrum. Senthilkumar [1] studied G*G(G + G*) = (G +
G*)GG" and G*G"(G + G*) = (G + G*)G"G* operators. They characterized these classes in terms
of composition, composite multiplication and weighted composition operators. Jibril [4] introduced
the class of (Q) operators in 2010. Jibril [4] studied interesting basic properties that this class gets
to enjoy. In particular, this class was linked to the classes of quasinormal operators, -operators,
Isometry operators and the class of normal operators. Paramesh [9] later expanded the class (Q)
operator to n-power class (Q) operators. Manikandan [6] later echoed this class by expanding to
G*2G"+k = (G*G"*%)2 for n which is positive definite and 0 < k. New theorems were characterized
for this class, in particular, it was shown that if a bounded operator G satisfies grgntk = gntkg* G
is (n + k)-power class (Q). Later on Revathi [11] extended the quasi class (Q) into M-quasi class (Q).
Their properties were investigated.

In particular, results showed that the sum of two M quasi class (Q) and the product of two M quasi class
(Q) is still M quasi class (Q). Wanjala Victor and Nyongesa [13] took the study of class (Q) operators
to (a, B)-class (Q) for 0 < o < 1 < B. They investigated nice algebraic operations of this class, for
instance, it was shown that if G is («, B)-class (Q), then G* is similarly («, B)-class (Q). Class of («, B)-

class (Q) [13] was also linked to other classes such as the («, f)-normal operator. K* Quasi-n-class (Q)
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operators were covered in [14] where basic properties of this class were highlighted. Wanjala Victor and
Beatrice Adhiambo also introduced the class of (BQ) operators in [12]. G is said to be (BQ) whenever
G*2G? commutes with (G*G). It was shown in [12] that operator which is unitarily equivalent to a (BQ)
operator is also in (BQ). A result was also given in [12] to show that any operator which is in (Q) is

also in (BQ).

2. Preliminaries

Under this section, known definitions and results that will be useful in our main results are presented.
Definition 2.1. [8] G € B(H) is n quasinormal if G"G*G — G*GG" = 0.

Definition 2.2. [8] G € B(H) posses Bishop’s property if all sequences of a function f, : U — H
which is analytic and every open subset © of C we have ; ({ — G)f,{ — 0 as a — co uniformly on

all compact subset of ® and f,{ — 0 as a —» oo locally uniformly on .
Definition 2.3. An operator G € B(H) is:
(1). (Q) operator if G*2G* = (G*G)%.
(2). Unitary if G*G = GG* = L.
(3). («, B)-Class (Q) operator provided a>°G*2G* < (G*G)? < B2G*2G>.
(4). (w, B)-n-Class (Q) operator if a>G*>G*" < (G*G")? < B*G*2G*" of 2-perinormal operators.
(5). (n,m)-normal if G*"G" = G"G*™ [2].
(6). (n, p)-quasinormal operator if G"(G*G)? = (G*G)PG".
(7). Self-adjoint when G* = G.
(8). A projection when G* = G (idempotent) and G*> = 1.
(9). G is said to be a-operator when G* = G* [5].
(10). G belongs to class K* Quasi-n-class (Q) operator if (G*)*G*2G*" = (G*G")?(G*) .
(11). G belongs to (BQ) if G*2G2 commutes with (G*G)>.
(12). G belongs to Quasi-class (Q) if GG*G*2 = (G*G)2G [10].

Definition 2.4. G € B(H) is isoloid whenever each point that is isolated belongs to o (G) is a member of 7,,(G).

S is polaroid provided all isolated points of (G ) are a pole of resolvent.
Theorem 2.5. [3] G has Bishop’s property whenever its n-power normal operator.

Theorem 2.6. [7] Let G € B(H) be n-normal. Then G is isoloid and polaroid.
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3. Main Results

Definition 3.1. An operator <7 € B(H) is called skew quasi-p-class (Q) if (V**/?)(v + V") = (Vv +
V) (7*7)%. We shall denote this class as [V].

Theorem 3.2. Let <7 € [V], then so are;
(1). YA for any p € R.
(2). Every N € B(H) unitarily equivalent to 7.
Proof
(1). Suppose 7 € [V], then;
(VAT + V) = (V+ V) (V'V)
= ()2 (V) (¥ + ($)*)
=PV + PV)
= (Vv + V)

and;

= v+ @) )N V) yv)?
= v VI (V V)
= (v + V)V
Hence from w and ?? ¢5/ is skew quasi-p-class (Q).
(2). Suppose N € B(H) is unitarily equivalent to 57, 3 unitary operator / € B(H) such that 7 =
U*NU. Then;
NU+UNU)UN UU N UUNUUNU)
NU+U QU UNPNU)

(V2V)(v+v) = (
= (
= (VUU + 7 UU) (VU UT)
= (

U
U
v+ VINTIV)

Since, (V*2V?)(V + V") = (V + V) (V*V)? Then, (N2N?)(N +N*) = (N +N*)(NV*N)%
J

Theorem 3.3. Let 57 be a self-adjoint, then <7 € [V].
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Proof.
(V2VNV + V) = (V+ V)N V'V)
(Vv + V) =2v° (@)
(V+VIvv)=2v° (@)
From w and '/ is skew quasi-p-class (Q) operator. O

Remark 3.4. The example illustrates that the class of skew quasi-p-class (Q) does not preserve similarity of

operators.

Example 3.5. Let <y be an operator acting on a R? such that v =

ccel®(?) i 4 1]
and

Xk It is easy to verify that;

cceln(64)  pim 41

(VEVAO)(V+ V) = = (V+V)(V'V)

el 41 e11(2048)

ccei”—l—l eIn(16)

. - . -1 _
Hence is skew quasi-p-class (Q). Now let; X7 X In(-8)  oIn(24)

e

] = M (say); it is easily seen that;

[ cpln(—491520)  ,In(~2719744)
(MZMH (M + M*) =
pIn(1015808)  ,In(5603328)
[ coln(~1376256)  ,In(5832704)
* * 2
(M+ M) MEM)” = pIn(~7929856)  ,In(33619968)

= (MPZM?)( M+ M*) # (M + M*)(M*M)?

Hence does not preserve similarity.

Theorem 3.6. If 7 € B(H), then (V?>7*2) (v + V) = (V* + V) (V)2

Proof. Since 57 € [V], then by Theorem 3.3 so is v/*; thus, ((V*)*2(v*)?)(V*)* +V*) = (V' +
(V)N (v*)*v*)? implies that (v*v*2)(V* + V) = (V' + V)(VV')~ O
Theorem 3.7. Let ;7 € B(H), it follows;

(@). v+ €[V]

(b). (v*v)? € [V].

(c). V2 € [V].
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@. I+ 2% 1+ (v*v)? € [V].

Proof.

(@. Let R = v+ v implies R* = (V+ V) = V' +v* =v'+v=v+v' =R Ris
self-adjoint and from Theorem 3.3, 77 € [V].

(b). (V') =(V'V)?=(V"V)=(vVv')

©). T2 = (V272 = vy = vy = vy

(d) <I+ V*ZVZ) — (1+ V*ZVZ)* = JI* + V**ZV*Z = I+ VZV*Z and I+ (V*V)Z = J* + (V*V)*Z —
[+ (7v")? and the proof for (b), (c) and (d) follows similarly from Theorem 3.3.

O]

Theorem 3.8. Let <y € B(H) be both self-adjoint and idempotent. If <7 € [V], then its an (n, m)-normal

operator.

Proof. Suppose v/ € [V];

(V2)(V + V) = (V+V)NTV)

(V) (V7 + V) = VAV + VAT

= 2%+ vyt (Since v is idempotent)
= vy + v?y? (Since v is self-adjoint)

=222 (Y)
Similarly; (7 + v*)(v*v)? yields;
= (V'V)’V + (V'V)*V*

— V*2V2V + V*ZVZV*
= v*?y? 4+ v*?y? (Since v is idempotent and self-adjoint)

— OS2 + 2?2

=2v°v" ()
From (Y) and (Y') we have;

— o202 = 2?2
Thus v/ is an (n, m)-normal operator; specifically a (2,2)-normal operator. O

Theorem 3.9. If <7 € B(H) is quasi-p-normal , then 57 € [V].
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Proof. Suppose v/ is quasi-p-normal;
V(A V)=(VHVIVY
pre-multiplying and post-multiplying (7) by /*57 we obtain;
(VE(V + V) = (V+VIV'V)

Hence the proof.
Theorem 3.10. Let 7 € B(H) be a Quasi-Isometry and an Isometry, then <7 € [V].

Proof. By definition v7*2v/2 = v*vv = [; then
(VAN T+ =V v(v+v) =1(v+v) = (V+7V)

and;
(V+ VIV V) =(V+V)D)? = (V+ V)= (V+V)
(¢) and (¢') points to 7 € [V].

Theorem 3.11. Let <7 € [V]. If <7 is a Quasi-Isometry, then its a 6-operator.

(7)

(©)

Proof. By definition; (v/*2v/2)(vV + V*) = (V + V*)(vV*V)? Suppose v/ is a Quasi-Isometry, then;

VV(V A+ V) = (v + V)V HV as required.

O]

Remark 3.12. The following result establishes the relationship between quasi-p-normal and skew quasi-p-class

(Q) operators.
Theorem 3.13. If \; € B(H) is quasi-p-normal operator, then its [V].

Proof. Let 7 be quasi-p-normal, then;

(V+V)V'V)=(V'INV+V)
IVAVARVE S VA v vAR VAR S var v/
V*VZ + V*ZV — V*VZ + V*ZV

pre-multiplying 57/" and post-multiplying 77" on both sides;

v>k2v3 + v>i<3v3 — V*ZVB + v>k3v3
(V2N + V) = (V+ vV )I(vPV).

Hence v/ € [V].
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Definition 3.14. <7 € B(H) is skew quasi-n-p-class (Q) if (7*?>/2) (V" + v*") = (V" + V") (v V)2

where n is a positive integer.

Theorem 3.15. Let 57 € B(H). If & commutes with C and { commutes with D and &?~7 = &2/, then </ is
skew quasi-p-class (Q), where, ¢ = (V*2V2)(V + V"), i = (V + V*)(V2V?), C = Re(v) = ¥H©
and D = Im(v7) = Y51

Proof. Since ¢C = C&, {D = D{. Then &2C = C&? and {*D = DZ?, so;

Pv+EV =vE+ v
PV -Pv =vE - v
Ve =3v
V(v (T + V) = (Vv +VNTV)
(VEVNT+ ) = (VP + v(TV)

Similarly with {>D = D{?, we get;

v -0V = -V
Ve =V
V(' VAT + V) = (V+ V)YV
(VY +v*2) = (V2 + V2V
(VT +9?) = (VP + v )(V'V)

Hence v/ is skew quasi-2-p-class (Q) operator. ]

Theorem 3.16. Let /1, /2 € B(H) be skew quasi-p-class (Q) operators such that VTZV% = v;zv% =
ViZV1 = ViV = Va2V =0, then <71 + /2 is skew quasi-p-class (Q) operator.

Proof. By assumption, /1 and /2 are skew quasi-p-class (Q) operators, then;
= ((V1+v2) (V1 + v2)) (V1 + v2) + (V1 + V2)")

(Vi2+ V) (Vi+va)(Vi+v2) + (Vi+ Vi)
ViZ+ V)Vt v3))(Vi+ Ve + Vi + V)

(
(
= (
= (Vi*Vi+ (ViPV3 + V' Vi + V' V) (Vi + Va2 + Vi + V3)

Since /25 = V522 =0

= (Vi*Vi+ Vi vV2) (Vi + V2 + Vi + Vi)
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= Vi*vi(vi+ vitvi(ve + VitVivi
+ Vi2ViVi + Vi V3 + Vi VIVI + VaEVAV2 Vi + ViiVEYs

Since Vi?v1 = V3*V1 = V3'Vi =0;

= Vi'VaV1+ ViTVaVa + VITVAVE + ViTVa Vs
= (V3V1+ ViVa + Va5 + Vi) Vi

= (V1+ V2 + Vi +WV3)(ViTv3)

= (V14 V2) + (V14 V2))(Viva)?

Hence /1 + V/2 is skew quasi-p-class (Q) operator. O

Theorem 3.17. Let /1, V2 € B(H) be skew quasi-p-class (Q) operators such that 73273 = V322 =
V21 = Vi = Va2 =0, then <71 — /2 is skew quasi-p-class (Q) operator.
Proof. The proof follows directly from Theorem 3.16. O

Theorem 3.18. Let 7 = U|/| be the polar decomposition of \7 € B(H), then N7 € [V] if |7|U = U]/

Proof. Let 57 € [V], then,

(VT + V) = (V+V)N(TV)

(U PUl Py US|+ U D) = (U] + U o) @ U7 1))
(IVPUUlTPY Ul +U ) = (U] +Uu D (Ul )?)
(v (Ul +us D) = (U +us|vhiv )

U +u P - Ul -u v =o.

Hence, we get; (v°v2)(vV + V") = (v + v*)(v*v)? and thus v € [V]. O

Theorem 3.19. Let <7 € [V]. If </ is both a quasi-isometry and an orthogonal projection, then its an n-normal

operator.

Proof. Since 7 € [V], we have; (V*2?)(v + V*) = (V + v*)(vV*V)? by Theorem 3.21 we have;

VAV + V) = (V+ V) VPv2 Suppose V is a quasi-isometry, then; /(Y7 + V) = (V +
V*)V*v. Similarly, if 57 is an orthogonal projection then we have;

V'V + V) = (VP V)VIY
\VAAVAE R valval

Hence 7 is an n-normal operator for n = 3. ]
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Theorem 3.20. Let \7 € B(H) be 57 € [V]. If <7 is both 2-self-adjoint and self-adjoint it follows its an

n-quasinormal operator.
Proof. By definition; \/*25/2(v7 + V*) = (V + v*)(v*v)? Now suppose v/ is both 2-self adjoint and
self adjoint, then; \v*? = /2 = /* = v/; hence;

(V' )V? = V(v

(V' )IV? = vA(V'V)

VAV = (VV)V?
Hence ¥/ is an n-quasinormal operator for n = 2. [
Theorem 3.21. Let 7 € B(H) be \7 € [V], then <7 is a class (Q) if its unitary.
Proof. <7 being skew quasi-p-class (Q), implies;

VAV V) = (v V)VY)? (M
pre-multiplying and post-multiplying (7) by v/* and v/ respectively we have; \/*2/?(vV*y + v/*) =
(V' + v VIVV)? = v2v? = (V'V)? as desired. O
Theorem 3.22. If <7 € [V] it follows it is isoloid and polaroid.

Proof. The proof follows from Theorem 3.19 and Theorem 2.6 respectively. O

Theorem 3.23. Let \y € B(H) be a self-adjoint skew quasi-p-class (Q) operator. Then <7 is an (n,p)-

quasinormal operator.

Proof. By definition; v*2/2(vv + v*) = (v + v*)(v*V)? Since v/ is class (Q) by Theorem 3.21
above, (V'v)*(V + V") = (V + V*)(V*V)*V being self-adjoint ensures, v(v*v)* = (V*V)*V.

Hence v/ is (n, p)-quasinormal operator for n = 1 and p = 2. O
Theorem 3.24. If <y € [V] then it has Bishop’s property (property p).
Proof. By Theorem 3.19 above 1/ is an n-normal operator and since by Theorem 2.5 above, the proof

follows for /. O

4. Conclusion

The class of skew quasi-p-class (Q) has been introduced, it has been shown that this class enjoys relation
with various classes such as n-normal, class (Q) and n-quasinormal among others. However, it has
not been established whether this class enjoys existence of inequalities and we therefore recommend

further research to be done to establish inequalities in this class.
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