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Abstract: Symmetric Balanced Incomplete Block Designs with λ=1 is a common class of BIBDs which are mostly used in 

incomplete experimental block design set up because of their simplicity in set up and also in analysis. Over the years since 

development of the BIBDs by Yates in the year 1939. A number of research has been done on the design to establish properties of 

the design and also to determine the construction methods of the design. In terms of properties, the studies have only been able to 

establish necessary but not sufficient not sufficient conditions for the existence of the design. For the symmetric BIBDs the studies 

have also determined the non-existence properties for such designs. However, the sufficient existence property for the design have 

not been established. In terms of construction, the studies have been able to derive several construction methods for BIBDs. 

However, these methods have been determined not to be adequate in constructing all the BIBDs which still leave the existence of 

some BIBDs as unknown. For symmetric BIBDs with λ=1 which are also known as projective planes, the studies have not been 

able to establish the sufficient properties for existence of this class of BIBDs just like the other classes of symmetric BIBDs. 

Therefore, this give room for investigating other properties of this class of BIBDs. The present study therefore, aimed at deriving 

the properties of the design from the known properties of BIBDs and also using the properties to determine the construction 

technique that would be suitable used in constructing this class of BIBDs. The study used the known properties of symmetric 

BIBDs to derive new properties of symmetric BIBDs, then restricted it to the case of λ=1. Which aided in derivation of new 

properties of the design and also the construction method. The study was able to derive three new properties for this class of BIBD 

and it was also able to show that the class of BIBD would be best constructed using PG(2,S). 
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1. Introduction 

A Balanced Incomplete Block Design (BIBD) is an 

arrangement of � treatments into � blocks each of size � such 

that each treatment is replicated � times in the design while 

each pair of treatments occur together � times in the entire 

design [6, 9, 16]. The design is said to be symmetric when 

� � � and � � �. In order for a BIBD to exist, it is always 

required that the parameters of the BIBD must satisfy a 

number of necessary conditions [1, 2, 4, 7, 9, 11, 12, 16]. 

First, the total number of plots in the design ���� is always 

known to be equivalent to the number of treatments � times 

the number of replication �. Thus, 

�� � ��                                           (1) 

This property can always be derived by considering the 

total number of blocks � in the design, to be given by; 
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The second property, tells us that the total number of 

treatments that occur together with a particular treatment is in 

the design ��� − 1� must always be equal to the number of 

replications � times the number of plots per block less 1 plot 

�� − 1�. Thus, 

��� − 1� � ��� − 1�                           (2) 

This property also can be derived from the total number of 

block � in the design, that is 
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But it is known that � = ��
� . Therefore, it can be shown 

that 
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The properties in Equations 1 and 2, are known as the 

fundamental or basic properties of a BIBD which must 

always be satisfied for the design to exist. However, over the 

years, other properties that applies for both symmetric and 

non-symmetric BIBD have been ascertained as given in 

Equations 3 and 4. The property in Equation 3 requires that 

for a BIBD to exist then the number of times each treatment 

is replicated � must be greater than the number of times the 

treatment occur together with other treatments. 

� > �                                          (3) 

Fisher’s also introduced a property that is required for a 

BIBD to exist which given as 

� ≥ �                                           (4) 

The property in Equation 4 is known as the Fisher’s 

Inequality. Past studies have determined that always when 

properties in Equations 1 and 2 are satisfied then mostly the 

properties in Equations 3 and 4 are also satisfied. One of the 

major breakthrough on BIBDs was the establishment of the 

non-existence property for symmetric BIBDs. Consider an 

incidence matrix � 

T =
� 
  
!��� ��� ��" … ��$��� ��� ��" … ��$�"� �"� �"" … �"$⋮ ⋮ ⋮ ⋱ ⋮
��� ��� ��" … ��$'

((
(
)
 

Such that 

�*+ = ,1 -.	0�1203140	�* 	-5	-4	�678�	�+
0 -.	0�1203140	�* 	-5	470	-4	�678�	�+

: 

The matrix � is called an incidence matrix with � columns 

and � rows. In each column there are a total of � ones and 

� − � zeros. On the other hand, in each row, there are � ones 

and � − � zeros. Given an incidence matrix � of a BIBD;  

det���>� = �� − �������                     (5) 

If the incidence matrix � is of a symmetric BIBD, then it 

follows that; 

det��� = �� − ��

�
� �                          (6) 

Therefore, according to Akral et al; Greig and Rees; and 

Hsiao-Lih et al, [1, 7, 10], for a non-existence of a symmetric 

BIBD, then if � is even, then � − � is not a perfect square. 

According to Bruck-Ryser-Chowla theorem, for a symmetric 

BIBD with parameters � = �, � = � and �. For a symmetric 

BIBD with number of treatments � which is odd. In order for 

the design not to exist then the equation 

?� = �� − ��@� + �−1�

�
� �B�                        (7) 

should not have a solution in integers ?, @, B  not all 

simultaneously zero [6]. Similar to the properties of BIBDs, 

much stride has been made in construction of BIBDs. Several 

construction methods of BIBD have been discovered over the 

years which include; Use of projection geometry, Euclidean 

geometric, Cyclic difference sets, Repeated difference sets, 

Latin square technique, Linear Integer Algorithm, R ibd 

package, using existing BIBD designs among others [1-5, 8-

11, 13-15, 17-20]. Looking into construction of BIBD using 

projection geometry. According to Bose; and Greig and Rees  

[4, 7], consider a ordered set D + 1  i.e @�, @�, @", . . . . @FG� 

such that @� ∈ IJ�K�  with the @*L  not all simultaneously 

zeros. We can use finite projection geometry of D dimension 

to construct a BIBD as follows. Based on the D dimension 

projection geometry, the total number of points 	4M� in the 

design is given by the formula; 

4M = LNO���
L��                                        (8) 

where 5 = PQ 

The entire set of points of the projection geometry satisfy a 

set of D − 3  independent sets of linear homogeneous 

equations known as an 3 − .620 which is given as 

��R@R + ���@� + ���@�+. . . +��F@F = 0,
��R@R + ���@� + ���@�+. . . +��F@F = 0,
�F�S,R@R + �F�S,�@� + �F�S,�@�+. . . +�F�S,F@F = 0,

 (9) 

Based on the set of Equations in 9, a 0 − .620 is a point, a 

1 − .620 is a line and a 2 − .620 is a plane. The total number 

of 3 − .6205  in the projection geometry is denoted by 

U�D,3, 5� and is given by; 



 American Journal of Theoretical and Applied Statistics 2023; 12(1): 13-17  15 

 

U�D, 3, 5� � 	LNO����	LN���...	LN
VO����
�LVO�����LV���...�L���

            (10) 

Based on the projection geometry WI�D, PQ�  and the 

3 − .620 we can construct a BIBD as follows; We let every 

point in the projection geometry to correspond to a treatment 

such the total number of treatments in the design is given by 

the formula; 

� � U�D, 0, 5� � LNO���
L��

                       (11) 

We let the blocks corresponds to the 3 − .6205 with every 

point in each 3 − .620 corresponding to a treatment in the 

block. Therefore, the total number of blocks in the design 

will be given by the formula; 

� � U�D, 3, 5� � 	LNO����	LN���...	LN
VO����
�LVO�����LV���...�L���

  

The number of points in each block which corresponds to 

the number of plots per block is therefore given by the 

formula: 

� � U�3, 0, 5� � LVO���
L��

                       (12) 

In such a design the number of times each treatment will 

be repeated ��� is given as � � U�D − 1, 3 − 1, 5� while the 

number of times a pair of treatment occur together ���  is 

given as � � U�D − 2, 3 − 2, 5� . If D  and 3  are constant, 

then the BIBD designs obtained for different values of 5 are 

said to belong to the same series WF
S . The total number of 

lines is also given by the same formula in Equation (); Using 

the number of points and lines from the projection geometry, 

we can arrange the points (treatments ( � )) into lines 

(blocks(�)) of size � � 5 + 1 such that each point (treatment) 

occurs � � 5 + 1 times in total. Therefore, a WI�2, K� can be 

used to construct BIBD with parameters; 

� � K� + K + 1 � �                              (13) 

� � K + 1 � �                               (14) 

2. Additional Properties for Symmetric 

BIBDs 

Theorem 1. Consider a symmetric BIBD with parameters 

�� � �, � � �, �� . For such a BIBD to exist, then 1 +
4��� − 1� must be a perfect odd square. 

Proof. From property in Equation 2, for a symmetric BIBD 

� � � and � � �, we get 

��� − 1� � ��� − 1� 

Solving, we get 

�� − � � ��� − 1�
�� − � − ��� − 1� � 0

 

which implies that 

� � �±Z�G[\�����

�
                       (15) 

since, � cannot be a negative number then we only use the 

positive solution for Equation 15. that is 

� � �GZ�G[\�����

�
                       (16) 

Now given that � must be an integer, then Equation 16 can 

only satisfy this condition if 1 + 4��� − 1� is a perfect odd 

square. Hence the proof. 

Theorem 2. Consider a symmetric BIBD with parameters 

��, �, ��. For such a BIBD to exist, then ��� − 1� must be an 

even number. 

Proof. From Theorem Theorem 1, 1 + 4��� − 1�  is a 

perfect odd square. That is 1 + 4��� − 1� can be written as  
4K� + 4K + 1 and thus, dividing by 8 on both sides we get 

4��� − 1�
8

�
4K� + 4K

8
��� − 1�

2
�

K�K + 1�
2

 

Given that K�K + 1� is divisible by 2 therefore its even, it 

also follows that ��� − 1� is also divisible by 2 hence also 

even. 

End of proof 

Corollary 1. Consider a symmetric BIBD with parameters 

��, �, ��. For such a BIBD to exist, then if � is odd then � 

must be odd and if � is even then � can be even or odd. 

Proof. Now given the ��� − 1� is even, then its follows 

that if � is odd then � − 1 must be even which can only be 

true is � is odd. On the other hand, if � is even then � − 1 

can be odd or even. 

3. Analysis of ^ � _ for the Case of 

Corollary Corollary 1 

The study analyzed the corollary Corollary 1 for the case 

of � � 1 in order to see whether the corollary holds and if it 

can be used to generate symmetric BIBDs for � � 1. When 

� � 1 then the Equation 16 give rise into; 

� � �G√[��"
�

                                       (17) 

As a result, for a BIBD to exist the the following must be 

satisfied. 
�4� − 3� must be a perfect odd square 

�� − 1� is even 

For incidence matrix �, the b10��� is an integer. Thus, 

det��� � �� − ��
���

� � 

However, if � � 1  and the BIBD is symmetric then it 

follows that 

� − 1 � ��� − 1�                       (18) 

Hence, it follows that 
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det��� � �� − ��
���
��

� �                       (19) 

The Equation 19 give rise into an integer under all values 

of �. 

4. Construction of Symmetric BIBD with 

^ � _ 

Theorem 3. Consider a symmetric BIBD with parameters 

� � �, � � �, � � 1. This class of BIBD can be constructed 

using projection geometry PG(2, S). 

Proof. From Equation 17 it follows that �4� − 3�  is a 

perfect odd square. That is 4� − 3 can be written as; 

4� − 3 � �2K + 1��, ∀K � 1,2,3, . . . , 4
4� � 4K� + 4K + 4

� � K� + K + 1 � �
 

This refers to the total number of points in a WI�2, K�. 

Similarly, it follows from Equation 17, that 2� − 1 is a odd 

number, since 4� − 3  is a perfect odd square and thus 

Z�4� − 3� is odd. Thus, 2� − 1 can be written as; 

2� − 1 � 2K + 1
2� � 2K + 2

� � K + 1 � �
 

Which is the total number of replications and plot size in a 

BIBD constructed from WI�2, K�, this shows that for a BIBD 

with � � 1, the designs can be constructed with a WI�2, K�. 

End of proof. 

Now using the parameter relation with K , the list of 

symmetric BIBD parameters with � � �, � � �, � � 1 listed 

in Table 1 could be constructed using WI�2, K�; 

Table 1. List of Symmetric BIBD with � � 1  and � < 600  for K �
1,2,3, . . .23. 

S v B r k 

1 3 3 2 2 

2 7 7 3 3 

3 13 13 4 4 

4 21 21 5 5 

5 31 31 6 6 

6 43 43 7 7 

7 57 57 8 8 

8 73 73 9 9 

9 91 91 10 10 

10 111 111 11 11 

11 133 133 12 12 

12 157 157 13 13 

13 183 183 14 14 

14 211 211 15 15 

15 241 241 16 16 

16 273 273 17 17 

17 307 307 18 18 

18 343 343 19 19 

19 381 381 20 20 

20 421 421 21 21 

21 463 463 22 22 

22 507 507 23 23 

23 553 553 24 24 

However, for a WI�2, K�	K  must be a member of Galos 

field meaning that K  must either be a prime number or a 

power of a prime number. Therefore, this show that the list of 

symmetric BIBDs with � = 1 that can be constructed using 

WI�2, K� is as show in table 2. 

Table 2. List of Symmetric BIBD with � = 1  and � < 600  that can be 

constructed from WI�2, K�. 

S V b r K 

1 3 3 2 2 

2 7 7 3 3 

3 13 13 4 4 

4 21 21 5 5 

5 31 31 6 6 

7 57 57 8 8 

8 73 73 9 9 

9 91 91 10 10 

11 133 133 12 12 

13 183 183 14 14 

16 273 273 17 17 

17 307 307 18 18 

19 381 381 20 20 

23 553 553 24 24 

5. Conclusion 

In conclusion, the study was able to establish a number of 

new properties for symmetric BIBD � = 1. First, the study 

established that for the design to exist then the number of 

treatments � must be odd. Secondly for the design to exist, 

then the function 4� − 3  must result into a perfect odd 

square. Lastly, the total number of treatments �  must be 

given by the function � = K� + K + 1  where, K  is a prime 

number or power of a prime number. In term terms of 

appropriate construction method for this class of design, the 

study established that the class of BIBD could be constructed 

using projective geometry WI�2, K�. 
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