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Abstract

In this paper, we generalize separation axioms to the function space p — C, (Y, Z) and study how they relate
to separation axioms defined on the spaces (Z,6;) fori = 1,2, (Z,61,62), 1 = C.(Y,Z) and 2 — C¢(Y, Z). We
show that the space p — C(Y, Z) is T, T1, pT2 and pregular, if the spaces (Z, 61) and (Z, 6) are both Ts, T,
T> and regular respectively. The space p— C, (Y, Z) is also shown to be pTo, pT1, pT2 and pregular, if the space
(Z,61,62)is p = To, p — T1, p — T2 and p-regular respectively. Finally, the space p — C., (Y, Z) is shown to be
pTo, pT1, T2 and pregular, if and only if the spaces 1 — C.(Y, Z) and 2 — C¢(Y, Z) are both Ty, T1, T2, and only
if the spaces 1 — C.(Y, Z) and 2 — C¢(Y, Z) are both regular respectively.
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1. Introduction

The set of all continuous functions from a topological space Y to a topological space Z is denoted by
C(Y, Z). Several topologies have been defined on this set as seen in [3], [1] and [2]. The non empty set Y
when assigned two unique topologies 71 and 72, forms a bitopological space (Y, 71, 72) (see [5]). A number
of function spaces have been defined on sets of continuous functions between two bitopological spaces
(Y, 71, 72) and (Z, 61, 62), examples of such function spaces include; s — C(Y, Z), p — Co,(Y, Z), 1 = C(Y, Z) and
2 - C(Y, Z) (see [8)).

Separation axioms allows one to separates points from points, points from closed sets and closed sets from
each other using open sets. These axioms play a critical role in topology in that, apart from characterizing
continuous mappings, they also provide restrictive conditions on which other topological properties and
structures can be defined on a given non empty set. Studies of separation axioms on function spaces are
covered in [1], [4] and [12]. Pairwise separation axioms have been introduced on bitopological spaces in
[5], while in [6] and [11], comparisons have been made between separation axioms defined on the spaces
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(Y, 71) and (Y, 72), (Y, 71, 72) and (Y, 71 V 12). In this paper, we generalize separation axioms to the function
space p — C,(Y, Z), and study how they relate to separation axioms defined on topological spaces (Z, ;) for
i = 1,2, pairwise separation axioms defined on bitopological space (Z, 6;, 62), as well as separation axioms
defined on function spaces 1 — C.(Y, Z) and 2 — C¢(Y, Z).

2. Preliminaries

The following definitions are considered in this paper.

Definition 2.1. A function f : (Y, 71, 72) — (Z, 61,02), is said to be pairwise continuous (p-continuous) or
71 — 01 and 72 — 62 continuous, if the induced functions f : (Y,71) — (Z,061) and f : (Y, 12) — (Z,07) are
both continuous (see [10]).

Definition 2.2. The collection S((U, V),(A,B)), = {f € p— C(Y,Z) : f(U) c V and f(A) C B} of sets, for U
open in 71, V open in 61, A open in 72 and B open in 6,, forms the subbasis for the open-open topology
w on p — C(Y, Z) (the set of all pairwise continuous functions). If U and A are compact subsets of Y, then
S((U, V), (A, B)), forms the subbasis for compact open topology. The set of all pairwise continuous functions
endowed with topology w is denoted by p — C,, (Y, Z) (see [9]) .

Definition 2.3. The space (Y, 71, 72) is said to be pairwise T, (p — T,), if for each pair of distinct points of Y,
there is a 71 open set or 7 open set containing one of the points, but not the other (see [7]).

Definition 2.4. The space (Y, 71, 72) is said to be pairwise T; (p—T1), if for each pair of distinct points x, y € Y,
there is a 71 open set U and a 7 openset V,such thatxe U,y ¢ Uand x ¢ V, y € V (see [11]).

Definition 2.5. The space (Y, 71, 72) is said to be pairwise T (p — T»), if for two distinct points x, y € Y, there
isa 71 open set U and 72 open set V, such thatx € U,y € Vand UNV = ¢ (see [5]).

Definition 2.6. In the space (Y, 71, 72), 71 is said to be regular with respect to 1, if for each y € Y and 74
closed set F such that y ¢ F, there exist 71 open set U and 7, openset V suchthatx € U,F Cc Vand UNV = ¢.
The space (Y, 71, 72) is said to be pairwise regular (p-regular), if it is both 71 regular with respect to 7, and
75 regular with respect to 71 (see [5]).

Let (Y, 71, 72) and (Z, 61, 62) be bitopological spaces, and let U; and U, be open sets in 71, V1 and V; be open
sets in 01, A1 and Az be open sets in 7> and B; and B, be open sets in 6. Let ,T; for i = 0,1,2 and yregular,
denote separation axioms defined on p — C., (Y, Z), to differentiate them from pairwise separation axioms
defined on bitopological space (Y, 71, 72).

The following definitions are introduced.

Definition 2.7. A function space p — C(Y, Z) is said to be a ,T.-space, if for any two distinct functions f and
ginp — C(Y, Z), there exist an open set S((Uy, V1)(A1,B1))y = {f € p — C(Y,Z) : f(U1) C Vq and f(A1) C By}
neighborhood of f not containing g, or S((Uz, V2)(A2, By))y ={g € p—C(Y,Z) : g(U2) C V3 and g(Az2) C Ba}
neighborhood of g not containing f.

Definition 2.8. A function space p — C,(Y, Z) is said to be a ,T1-space, if for any two distinct functions f
and g in p — C(Y, Z), there exist open sets S((U1, V1)(A1,B1)), = {f € p — C(Y, Z) : f(U1) € V1 and f(A1) C By}
neighborhood of f not containing g, and S((Uz, V2)(A2, B2)), = {g € p — C(Y, Z) : g(U>) C V> and g(A2) C B}
neighborhood of g not containing f.

Definition 2.9. A function space p — C,(Y, Z) is said to be a ,T>-space, if for any two distinct functions f
and g in p — C(Y, Z), there exist disjoint open sets S((U1, V1)(A1,B1)), = {f € p — C(Y,Z) : f(U;1) C V; and
f(A1) € B1} and S((Uz, V2)(A2, B2))p = {g € p — C(Y, Z) : g(Uz) C V3 and g(A2) C Ba} neighborhoods of f and
g respectively.

Definition 2.10. A function space p—C(Y, Z) is said to be a yregular space, if for any two distinct functions f
and gin p—C(Y, Z) and a closed set S((U, V)(A, B) in p— C(Y, Z) such that g ¢ S(U, V)(A, B), there exist disjoint
open sets S((Uy, V1)(A1,B1)), = {f e p—C(Y, Z) : f(U1) C V1 and f(A1) C B1} containing S((U, V)(A, B) and
S((U2, V2)(A2,B2))y, = {g € p— C(Y, Z) : g(U2) C V3 and g(A2) C Bo} neighborhood of g.
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3. Comparison of separation axioms defined on the spaces p — C, (Y, Z), (Z, 61), (Z, 6,) and (Z, 61, 62)

Let P denote a topological property, If both the topological spaces (Z, 61) and (Z, 67), and both the function
spaces 1 — C.(Y,Z) and 2 — C¢(Y, Z) have the property P, then it will be denoted by b — P. In this section,
we establish the relationship between , T, ,T1, ;T2 and pregular separation axioms defined on the function
spacep—Cy(Y,Z),and b—T,, b—T1, b—T, and b-regular separation axioms defined on the topological spaces
(Z,01) and (Z,6;), as well as p — T, p — T1, p — T2 and p-regular separation axioms defined on bitopological
space (Z,01,02). We provide proof for ,T> and pregularity on p — C,(Y, Z) whenever (Z,61) and (Z, 67) are
b — T, and b-regular spaces, and also pTo, pT2 and pregularity on p — C,(Y, Z), whenever (Z, 61, 62) is p — T,
p — T> and p-regular space. The proofs for the other separation axioms can be done in a similar manner.

Theorem 3.1. Let (Z,61) and (Z, 62) be b — T spaces, then p — C,(Y, Z) is a , T space.

Proof. Let f and g be unique functions in p — C(Y, Z) such that for every y € Y, f(y) # g(v), and let (Z, 61) and
(Z,062) be b — T, spaces. Then there exist disjoint open sets U; € 61 and V; € 61 and also U, € 0, and V; € O
such that f(y) € Uy and g(y) € V1, and also f(y) € Uz and g(y) € V5, respectively. Now, the disjoint open sets
S(({y}, U1)({y}, U2))p and S(({y}, V1)({y}, V2))p in p — Cu(Y, Z), are neighbourhoods of f and g respectively in
the space p — Cy(Y, Z). Therefore, the space p — C,(Y, Z) is a , T2 space. O

Theorem 3.2. Let the spaces (Z,61) and (Z, 62) be b-regular, then p — C, (Y, Z) with compact open topology
w is a pregular space.

Proof. Let f and g be unique functions in p — C(Y, Z) such that Yy € Y f(y) # g(y) and let S((U;, V;)(U;, (V}))
= {f €Ep— C(Y,Z) : f(Ui) C Vl' and f(u]') C Vj)} for Ul‘ €11, Vl‘ S 51, Uj € To and V]' € (52 for i,j =1,2,3,4..n
be the neighbourhood system for f. Since U; and U; are compact, then both f(U;) and f(U;) are also
compact, and since (Z,61) and (Z,6) are b-regular spaces, then there exist open sets A; and B; in 6;

and 0, respectively, for i,j = 1,2,3,4...n, such that f(U;) c A;, f(U;) C B;j, Xl c V;and B_] c V;. This

impliEE that S_((ul',Ai)(u]’,B]')) C S((ui,Zi)(uj,Ej)) c S((u;, Vj)(u]', V]')). Supgose thEt S((U;’,A,’)(Uj,Bj)) -

S((U;, A)(Uj, By), let g ¢ S((U;, Vi)(Uj, V), then it follows that g ¢ S((U;, A;)(Uj, B))), implying further

that for some point y € Y, g(y) € A; © and g(y) € B; ©. Thus, S((ly}, A; ©)({y}, B ©)) is a neighbourhood

system for g which does not intersect S((U;, A;)(U}, Bj)). Since S((U;, A))(U;, B))) € S((U;, A)(U;, B))), then
n n

(U AU, B)) © S(U;, ViU, V). Therefore the sets ) S((ly}, A ©)({y}, B; ©)) and 08U Vi, vy)
i= i,j=

n
are disjoint open sets containing g and (S((U;, A;)(U}, B)) respectively, hence p — Cy(Y,Z) is a pregular
i=1

space. O
Theorem 3.3. Let (Z,61,062) be p — T, space, then p — C (Y, Z) is a , T space.

Proof. Let f and g be unique functions in p — C(Y, Z) such that for every y € Y, f(y) # g(y), since (Z, 61, 62)
is a p — T, space, then there exist an open set U; € 6; containing f(y) but not g(y) or V, € 6,2 containing
g(y) but not f(y). Suppose there exist an open set U; € §; containing f(y) but not g(y), then by pairwise
continuity of f, we can find an open set U, € 6, also containing f(y) but not g(y). Suppose there exist an
open set V; € 0, containing g(y) but not f(y), then by pairwise continuity of g, we can also find an open set
V1 € 61 containing g(y) but not f(y). Either way, there exist an open set S(({y}, U1)({y}, U2)), inp — Cu (Y, Z),
neighbourhood of f not containing g, or an open set S(({y}, V1)({y}, V2)), in p — C, (Y, Z), neighborhood of g
not containing f. Therefore, the space p — C, (Y, Z) is a , T, space. O

Theorem 3.4. Let (Z, 61, 62) be totally disconnected p — T space, then p — C, (Y, Z) is a , T2 space.

Proof. Let f and g be unique functions in p— C(Y; Z) such that for every y € Y, f(y) # g(y), since (Z, 01, 067) isa
totally disconnected p — T space, then there exist disjoint open sets U; € 6; and V; € 0, containing f(y) and
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g(y) respectively, such that U; UV, = Y. But since f and g are both 71 — 61 and 7, — 6, continuous, it follows
that there exist open sets U, € 6, containing f(y) and V; € 0; containing g(y). Suppose Up = V) € 6,
and V1 = U;° € 61. Now, VoAU U = (Vo NnUyp)° = (¢)° = Y, implying that U, U V1 =Y, Now, U, NV =
Vof N U = (Vo U Uy)° = Y© = ¢. Therefore the sets U, and V; are disjoint open sets, neighbourhoods of
f(y) and g(y) respectively. Therefore the sets S(({y}, U1)({y}, U2)), and S(({y}, V1){y}, V2))p inp — Cu(Y, Z) are
disjoint open sets, neighbourhoods of f and g respectively. Hence, p — C,,(Y, Z) is a , T space. |

Theorem 3.5. Let the space (Z, 61, 62) be pairwise regular, then p — C, (Y, Z) is a yregular space.

Proof. Let f and g be unique functions in p — C(Y, Z) such that Yy € Y f(y) # g(y) and let S((U;, V;)(U;, (V}))

={fep-CY,2): f(U;) c Viand f(Uj) Cc Vj)} for U; € 11, Vi € 61, Uj € Tpand V; € 65 for i,j = 1,2,3,4...n
be the neighbourhood system for f. Now U; and U; are both compact, therefore fU;) and f(Uj) are
also compact. Since (Z, 61, 62) is pairwise regular space, then 6; regularity with respect to 6, implies that

there exist open sets B; in &, for j = 1,2,3,4...n, such that f(U;) c B; and B_] C Vj. This implies that
sy, B]-) C S(U;,B)) € S(Uj, V). Suppose that S(U;, B;) € S(Uj, B)), let g ¢ S(Uj, V), then it follows that
g € S(Uj, Bj), implying further that for some point y € Y, g(y) € B . Thus, S({y} B; €) is a neighbourhood
system for g which does not intersect S(U],B ;). Since S( ,Bj) c S(Uj,B)), then S(U Bj) c S(U],(V)

Therefore ﬂ S({y },B; j©) and ﬂ S(LI], B; j) are T2 — &, disjoint open sets neighbourhoods of g and ﬂS(U], B))
j=1

respectively. Now, 6, regularlty with respect to 6, implies that there exist open sets A; in 6, fori = 1 2 3,4..n,

such that f(U;) € A; and A; C Vi This implies that S(U;, A; ) c S(U;,A;) c S(U;, V). Suppose that

S(U;, A) S(Ul,A ) letg ¢ S(lll, Vi), then it follows that g ¢ S(U;, Ay, implying further that for some point

y €Y, g(y) € A; ¢. Thus, S({y}, A; ©) is a neighbourhood system for g which does not intersect S(U;, A;).
Since S(lli,Ai) c S(Ui,Ai), then S(Ui,Ai) c S(U;, V;). Therefore ﬂS( y},_i ) and ﬂS(Ui, Vi) are 11 — &1
i=1 i=1

n

disjoint open sets, neighbourhoods of g and ﬂS(Ui,Ai) respectively. Let f € S(U;, A;) and f € S(Uj, B))
=1

imply that f € S((U;, A), (U}, B)), then IQ S(({y}, Oy, B °)) and pls((uz, Vi)(U;, V) are disjoint open

n
sets neighbourhoods of g and (1 S((U;, A;), (U}, B))) respectively in p — C,(Y, Z). Therefore p — C,(Y, Z) is a
i,j=1
pregular space. m|

4. Comparison of separation axioms defined on the spaces p — C,(Y,Z2),1 - C.(Y,Z) and 2 — C¢(Y, Z)

The relationship between ,T,, ,T1, ;T2 and ,regular separation axioms defined on the function space
p—Co(Y,Z),and b—T,, b—Ti, b—T, and b-regular separation axioms defined on function spaces 1 - C.(Y, Z)
and 2 — C¢(Y, Z), are established in this section. We provide proof for ,T> and yregular separation axioms on
p — Cu (Y, Z) whenever (Z, 61) and (Z, 63) are b — T, and b-regular spaces, and also b — T, property on (Z, 61)
and (Z, 62) whenever p — C,(Y, Z) is a ,T> space. The proofs of the other separation axioms on the function
space p — C,(Y, Z) can be done in a similar manner as that of pT2.

Theorem 4.1. The function space p — C, (Y, Z) is a ,T>-space, if and only if the function spaces 1 — C(Y, Z)
and 2 — C¢(Y, Z) are b — T»-spaces.

Proof. Let f and g be unique functions in p— C (Y, Z) such that Vy € Y f(y) # g(y),and let 1-C.(Y, Z) bea T>
space such that S(Uj, V1) and S(Uy, V) are disjoint open sets, neighbourhoods of f and g respectively. Also,
let 2 — C¢(Y, Z) be a T space such that S(A1, B1) and S(A, By) are disjoint open sets, neighbourhoods f and
g respectively. Now, pairwise continuity of f and g allows us to pick S((Uy, V1)(A1, B1)), = {f e p—C(Y, Z) :
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f(U1) € Vi and f(A1) € Bi} and S((Uz, V2)(A2,B2))y = {g € p — C(Y,Z) : g(Uz) C V; and g(Az) C By} as
disjoint open sets in p — C,(Y, Z), containing f and g respectively. Hence p — C,,(Y, Z) is a , T2 space.

Conversely, let p — C, (Y, Z) be a ,T>-space and let f and g be unique functions in p — C(Y, Z) such that
Yy €Y f(y) # g(y), then there exist two disjoint open sets S((Uy, V1)(A1,B1)), = {f ep—C(Y,Z) : f(Uy) C V4
and f(A;) C By} for U; open in 71, Vq open in 61, A; open in 72 and B; open in 0, neighborhood of
f, and S((Uz, V2)(A2,B2)), = {g € p— C(Y,Z) : g(U2) C V3 and g(A2) C By} for Uz open in 71, V> open
in 61, A2 open in 7 and B, open in 67, neighborhood of g. But S((U1, V1)(A1,B1))y = {f € p—C(Y,2) :
f(Ul) c Vi and f(Al) - Bl}:{{f eEp— C(Y,Z) : f(ul) C Vl} and {f €Ep— C(Y,Z) : f(Al) - Bl}} Now
{fep-CY,2): f(Uh)) c Vi} ={f € 1-C(Y,2) : f(Uy) C V1} = S(Uy, V1), and {f € p - C(Y,Z) : f(A1) C
Bi} ={f € 2-C(Y,Z) : f(A1) C B1} = S(A1, B1). These two sets are open and are both neighborhood of f
in1-C.(Y,Z) and 2 — C¢(Y, Z) respectively. In a similar manner, S(U», V) and S(A», By) are both open set,
neighborhood of gin 1 — C.(Y, Z) and 2 — C¢(Y, Z) respectively. Now, S(Uy, V1) and S(Us, V2) in 1 - C(Y, Z)
are disjoint open neighborhoods of f and g respectively. Also, S(Aj, B1) and S(Ay, By) in 2 — C¢(Y, Z) are
disjoint open neighbourhood of f and g respectively. Therefore, 1 — C.(Y,Z) and 2 — C¢(Y,Z) are b — T>
spaces. O

Theorem 4.2. The function space p — C,,(Y, Z) is a yregular space, if 1 — C.(Y, Z) and 2 — C¢(Y, Z) are b-regular
spaces.

Proof. let f and g be unique functions in p — C, (Y, Z) such that Vy € Y f(y) # g(y), and let 1 — C.(Y, Z)
and 2 — C¢(Y, Z) be b-regular. Then for a closed set S(Uj, V1) in 1 — C(Y, Z) such that f ¢ S(U;, V1), there
exist disjoint open sets S(A1, B1) and S(Cy, D) such that f € S(A1, B1) and S(Uy, V1) € S(Cq, Dy). Similarly,
for a closed set S(U>, V) in 2 — C¢(Y, Z) such that f ¢ S(Uy, V2), there exist disjoint open sets S(A2, By) and
S(C2,D») such that f € S(Az, By) and S(Ua, V2) € S(Cy, Dy). Since f is pairwise continuous, we have that
f € S((A1, B1)(A2, B2)). Now, suppose g € S(Uy, V1) € S(C1,D1) and g € S(Uy, Va) € S(C2, D7) imply that
g € S((U1, V1)(Uz, V)), then g € S((U3, V1)(Uz, V2)) € S((C1,D1)(C2, D2)). Now S((U1, V1)(Uz, V2)) is a closed
subset of p — C, (Y, Z) not containing f, and S((Cy, D1)(C2, D2)) and S((A1, B1)(Az, B2)) are disjoint open sets

containing S((Uy, V1)(Uz, V2)) and f respectively. Therefore p — Cy, (Y, Z) is a yregular space. O

5. Conclusion

The function space p — C,(Y,Z) is a ,T,, ,T1, pT2 and pregular space, if the topological spaces (Z,61) and
(Z,60) are b —To, b — Tq, b — T, and b-regular spaces, and also if the bitopological space (Z,61,02) isp — T,
p—T1, p—T> and p-regular space. The function space p—C,(Y, Z)isalso ,T,, ,T1, ;T2 and pregular, if and only
if the function spaces 1 - C.(Y, Z) and 2 - C¢(Y, Z) are b—T,, b — T and b — T, and only if the function spaces
1-C.(Y,Z) and 2 — C(Y, Z) are b-regular spaces. The set C(Y, Z) can be expressed as a cartesian product

[1Z,. Since the product of normal spaces need not be normal, it follows that the space p — C,(Y, Z) need
yeyY

not be normal whenever (Z, 6;) and (Z, 6,) are both normal spaces, and also whenever (Z, 61, 62) is pairwise
normal. The results so far obtained can be extended to the space s — C.(Y, Z) and be used to characterize
compactness in the space s — C.(Y, Z).
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