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Abstract

This paper discusses on simple birth-death-immigration-emigration (BDIE)
processes with genocide to stochastic differential equations (SDE) model. The
general Solution for the distribution of the size of the population at any instant
in time is obtained in the form of a probability generating function (PGF).The
exact solution; mean and variance are derived for constant birth, death,
immigration, emigration and catastrophe rates.
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1 INTRODUCTION

The works on birth-death type processes have been tackled mostly by some scholars
such as Yule, Feller, Kendal and Getz among others. These fellows have been
formulating the processes to model the behavior of stochastic populations.Recent
examples on birth-death processes and stochastic differential equations (SDE) have
also been developed. Granita [1], modeled linear growth birth and death processes
with immigration and emigration using the stochastic differential equation. Getz [2],
generally modeled birth-death processes with positive and negative controls using the
probability generating function.The construction of the transient probabilities for a
simple birth-death-immigration process under the influence of total catastrophe was
approached by Randall[3] and in his paper atotal catastrophe that wipes out the total
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population to size zero was considered. Di Crescenzo [4] also worked on birth-death
process subject to catastrophes using the Laplace transform of its probability density
function to obtain the mean and variance. As the application of the birth-death
process, Sindayigaya [5]used the real data of the population of Rwanda to estimate the
population dynamics using the mean and variance derived with the probability
generating function. Moreover, Michael [6] modeled the immigration-emigration with
catastrophe and found the steady-state solution using the classic recursive methods.
However, the generating function model of birth-death-immigration-emigration
process with genocide as a partial catastrophe has not been discussed in the previous
works. In this paper, we shall consider a genocide which occurs at a constant rate and
when it occurs, reduce the population to a certain level. Additionally, it appears that
no attempt has been made to derive the mean and variance to obtain the explicit time-
varying trgjectory of the population. The purpose of this paper isto analyze the BDIE
processes by introducing a genocide parameter and upon the differential difference
equation; the general solution is obtained by using the probability generating function
which finally leads to the determination of the mean and variance of the population.

2. MODEL DEVELOPMENT
The process is formulated by letting N (t) represent the size of the population at time

tand
R.(t)=P[ N(t)=n|N(0)=0] (2.2)

As in the simple birth-death process, births and deaths occur proportional to the
population size with a birth rate 4>0 and a death ratex > 0.Immigration and
emigration will occur independent of the population size with ratesy >0 and
respectively o >. Further, the occurrence of a genocide is also independent of
population size and will occur a aratey > 0. Thus, the process can be described by

the following transition rates:

n—n+1 AN+v, n>0
n—n-1 un+o, n>1
n—y Y, n>1

By that the transient probabilities which is the differential difference equation isgiven
by

P (t) = s(n+D)+a|P, (1) +] A(n=1)+v [P, (t) [ n(+2) +v+a+7|R (1) (2.2
Where P/(t) denote the differentiation of P,(t) with respect to t. Since negative
control whe

n=0, we have
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R(t)=(u+a)R(t)-vR(t)-7R(t)
=(u+a)R(t)-(v+7)R(t). (2.3)
Letting
=Y R,(1)S", (2.4)

be the pr_obability generating function(PGF)for the system, it follows from the
standard generating function method that ¢(s,t)satisfies the partial differential
equation (PDE).

g;(p {/15(5 1)+su&— ﬂ%{ (s—1)+a(%— j—y}b—%%(t) (2.5)

The method of solution to (2.5) is sketched and leads to the form of generating
function for the distribution of the size of the population at any timet, which here,
stated in its most general form for constant parameters, appears to be a new result of
the BDIE with genocide/catastrophe.

Finally the PDE (2.5) has solution

[(,U‘i'?/ /15)4‘/1(5 1) glhu-t ] 4
osn u+y—A2a
Xl:(ﬂ+7_/1$)+(lu+7)(s_l) gA :IAH'
s(u+y-4)

(u+y- /15)+/1(s 1)et "

e

(2.6)

3. DETERMINATION OF THE MEAN AND VARIANCE FOR BDIE

It is known that the two most important moments of a distribution are the mean and
variance, and these can be found quite easily if we put s=1in (2.4) and derive twice.
Then,

=3"nR (t)=E(n) 3.1)

n=0

a"’( Lt)= Y n(n-1)R, (t) =E(n(n-1)) (32

n=0
which are the means and second factorial moment of the distribution, respectively. Let

n(t) denote the mean at time tand o (t)the variance at time t.Since the variance is
the second moment of the distribution about the mean, we have
o-z(t)=E[n(n—l)]+ﬁ(t)—ﬁ2(t) (3.3
To facilitate the algebra involved in differentiating (2.6) once and then twice and
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setting s=1after each differentiation, we can approach the problem step by step in a
similar manner of [2] asfollows:

Let,

f(s)=(u+y-As)+A(s-1)e* 7" (3.4)
9(s)=(u+y-As)+(u+y)(s-1)e* " (3.5)
Then,

f()=p+y-2

£(s)= £/(1) = A+ A"
£7(s)=f"(1)=0
g()=p+y-2

9(s)=0 () =—-A+(u+y)e" "

w(st)=— (3.6)
K(s,t):& (3.7)

r(s,t):ﬁ (3.8)

r'(Lt)= gr s
”n _21
ty=—————
=l
Rewriting (2.6) interms of (3.6), (3.7) and (3.8) using (3.4) and (3.5) we have

gt _ 1)
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d(st)= w_%lca””{inr”} (3.9
n=0

Having in mind that, if at timet =0, we know that the population has a distribution

P(0)=Y,,i=012,... (3.10a)

ST, =1 (3.10b)

i=0

(because P (0) isadistribution),

mean = n, (3.10c)

Variance= o (3.10d)

Upon using (3.3) we have that

ST, =n, (3.11)

n=0

in(n—l)lfn =0, —n,+n’, (3.12)

n=0
We can now proceed to get n(t)and o”(t) by differentiating (3.9) once and then
twice and setting s=1in order to get the mean and variance respectively.

1) Derivation of the Mean

v«

a¢ d 77[1 , "‘{m n} a 7S n ST AN n-1,./
—=—y* YK Y —— 7 Y e+ ATy Nt (3.13)
o A ;‘ u+y g‘ g‘
Using Equation (3.13) we obtain,

=y A (e(i—/zfy)t _1)+ o HMTY (e(ifﬂfy)t _1)+noe(ifﬂfy)t

n(t)=—x
A A-u-y u+y A-u-y

—n @A a-v (A-u=7)t
=n.e +—(€ -1 3.14
no prea] ) (3.14)
Hence,

At)=neg** "4 a-v gh Tt 1)

(=", prvaw] )

which is the explicit solution for time-varying trajectory of the mean for the BDIE
process with catastrophe.

(i) Derivation of the Variance

To compute the variance, we take the second derivative of (3.13) and replace s=1
.Then by separating the composing terms and take the second derivative separately,
we have

a¢A i ;;71 ’ ,uliy S n
—s = K E Yr
os A v rer
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9¢; o % ;zifl N n
—2 =yt Y r
0s ,u+7/l// 2

¢ ;; % N -1’
—= = n’rr

S A ZO .
and
82¢ 82¢A 82¢B 82¢C

= + + .

0s* 0s° 0s® 0%’
In detail, we get

(_V_ jl//_l_z(l//’)z K‘E [iannJ + a l//,i_ll///’(/’(/ﬁ-y_l[iyrnrnj +
8¢,’; _ vV A n=0 HtYy n=0
aSZ B /1 ;{_1 ’ e . —1,.7

7 DY W

[_V_ jﬂ“z(e(ﬂ—u—y)t _1)2_ o A (e(ﬂ—#—y)t_l)[ H+V j(e(ﬂ—ﬂ—y)t_l)
u+y A-p-y A—pu—y

A yl e e
+/1_Iu_7(e(ﬂ u 7)1_1)(6(1 u 7)1)(1+n0)

vi+va (e(l—ﬂ—y)l_l)z_,_ ve (e(l—ﬂ—y)l _1)2_ vy (e(l—ﬂ—r)l_l)(

a-p-y., (u+y) (g+ _a)
_ o | A (A-u-y) uty (u+y-a)
MY 2(u+y o - o
_|_/1(_Ia_7)/(e(/1 L=yt _l)+luﬁ';i//1(l+ no)(e(/1 /x 7)t)(e(i L=yt _1)
—va (e(i—ﬂ—}')t _1)2+052_0‘ﬂ_057(e(i—ﬂ—7)t _1)2+ 20 (e(i—ﬂ—}')t _1)
_|(A-u-y) (A-u-7y) A-u—y (3.14b)
u v ;0— (e =g (¢ ) —Z - 7/(‘5(1_/1_”t -1)
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Yy nY,r"'r’ 7V/c/‘+7 K|y nY,r"r ’j
o ﬂ/ v (Zﬁ j ﬂ+7W (Zﬁ
?_ Vv % | = v
> RV sl {Z n(n=2)Y,r"2(r') +y * £ (nan“r”)}
n=0
- A A==yt /1#71 A==yt /1#71
) %xm(e( 1) (1+ny) (e )—ﬁ/x%(é 1) (1+ ny ) (€4 7)
+(0y + 1% =) (47 )+ mzl( )
(V—O!) — -yt —u-y)t " et
i _,1_#_7”0(8(1 4-7) _1)(e(/1 “=7) )+(0'02+n20)(e2” H=7) )_no(eZ(/TL 1Y) ) (3,140
H(Lr )+ (u+7) (1) (€47 1))
Recall that the variance is given as
o®(t)=E[m(1)]- E[(ﬁ(t))for o?=E[n(n-1)]+n(t)-[A(t)] but
9%0 % _ .2
E[n(n—l)]:?g. Then, o° :—2H+n—(n) (3.14d)
hence, by assembling (3, 14a), (3.14b)and (3.14c) and apply into (3.14d) we obtain
VEAVA (e g\ ve (runt _\2__ Vo ([ faurt _q\( A
e e A B e S L
+/1_;_y(e(”’7)t—l)
_ —va (e(/HHf)t _1)2 N o’ —ou —Oly(e(l,ﬂ,y)t _1)2 N 2x (e(/HH/)t _1)
o (Amu=y)’ (A=p=7) A-p=y
__ O (i _q\(gr ey E (rmn
. _ ﬂ+},_/1(e -y 1)(e -y ) ﬂ_ﬂ_y(e H-y 1)
V—-—o 2(A—u—p)t 2A(A-u-y)t
) ;t(lu)y (/1/17 )(e“7)+00+n )(e(lﬂr))_no(e(lﬂr))
{(1+n0 (u+7)( (e“”t 1)}
(el Horh 1) n o(ez(lfﬂfr)t)_ (a;v)z . (e(l*/f—r)t_l)2
+|:no(e(l‘uy) )}+ puty—A (u+y-A)
2 - —u-y)t —u-y)t
_mno(eu (& )
And finally, upon simplification we get
2 2 Q2Aupt VA—op =y ( (i _1) A+U+Y (i (-u-nt_1)  (3.15)
o’ (t)=0"e (ﬂ+7 % ( )+ﬂ_ﬂ_7noe (e )

Equation (3.15) is the explicit solution for time-varying trajectory of the variance for
the BDIE processes with genocide or catastrophe. In the case that =0, Equations
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(3.14) and (3.15) will turn up to BDIE without catastrophe and will have a close
relationship with the results obtained by [1] and [2].

SUMMARY

In this work, we have established the partial differential equation (PDE)for the BDIE
processes with genocide/catastrophe from which the general form was obtained using
the probability generating function (PGF).Upon derivation of the PGF, the mean and
Variance functions for BDIE processes with genocide/catastrophe were effectively
determined.
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