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Abstract

This paper explores the orbit structure of the direct product of four alternating groups acting on the Cartesian
product of four sets of ordered y-tuples. The associated orbitals and suborbits lengths are determined using
combinatorial formulae. Contrary to previous studies involving ordered pairs or fewer group factors, this
setting introduces significantly higher combinatorial configurations arising from higher-dimensional tuple
structures. This brings rise to a general orbit structure pattern that do not arise in pair-based and fewer group
factors cases. The number of orbitals of A, X A,, X A,, X A, acting on U, x U, x u;" x v, ),
(Vn—y = 2)is 16 and explicit suborbits lengths formulae are obtained using combinatorial methods. The
results extend existing research on ranks and subdegrees while revealing new structural phenomena unique
to actions on ordered y-tuples of direct product of four alternating groups.
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1. Preliminaries
1.1 Introduction

The Cartesian product of sets of ordered y — tuples U, U, U, and U, is defined as the set of all

y — tuples (uy, Uy, us,u,) suchthat u, € U, u, e U, u; € U and w, € U, The ordered sets
are generated using the Groups, Aligorithms and Programming software (GAP).

Higman (1964) introduced the rank of groups on finite permutation groups with a rank of 3. In 1970, Higman
(1970) proved that the action of symmetric group S,, on 2-element subsets from the set P = {1,2,...,n} is of
rank 3 and the subdegrees are: 1,2(n — 1) and (",").

Nyaga et al., (2011) proved that S, acts transitively on P® and the subdegrees are; 1, (’rl::)
GG G2 ()T () -

Nyaga (2018) proved that the action of direct product of 4,,, is transitive on the Cartesian product of 3 sets.
The rank and subdegrees associated with this action for n >4 is 8; and 1,(n — 1),(n — 1)?,(n — 1)3
respectively.

Mutua et al., (2018) showed that the action of direct product of S,, X A, on P X Q to be both transitive and
imprimitive for all n > 3. The associated rank for this action is 6 when n =3, butis 4 for alln > 3. The
subdegrees are: 1,(n — 1),(n — 1), (n — 1)2.

Maraka et al., (2025) established that the action of the direct product of 3 alternating groups acting on the

Cartesian product of 3 sets of ordered tuples has 22 orbits and the suborbit lengths are:1, 3 (( n )—

1).5(() 1) s () 1)

Maraka (2025) determined the ranks and subdegrees of the action of the direct product of 4 alternating groups
on the Cartesian product of 4 sets of ordered pairs, where the rank was determined to be 16 and subdegrees

were 1, 4 (((n’_”z)!) - 1),6 (((nr_l!z)!) - 1)2,4 (((nr_l!z)!) - 1)3 and <((n7_“2)!) - 1)4. This research

extends this line of study to the action on ordered y-tuples. The resulting orbital structures are not direct
analogues of the ordered pair case, but instead exhibit general combinatorial patterns arising from higher-
dimensional tuple arrangements.

This study forms basis for future research on the suborbital graphs of this action and their theoretical properties.
1.2 Definitions and Theorems
Definition 1.2.1 Group action (Njagi, 2016)

Given a group G and a non-empty set U, the action of G to the left of U matches a unique element gu € U if
V g € G suchthatforall u € Uand g,,g9, € G:

() (g192)u = g1 (g2)u.
(if) o.u =u, giventhat g is the identity in G.

When G acts from the right side of U, its action can similarly be denoted as such.
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Definition 1.2.2 Transitive group (Kinyanjui, et al., 2013)

A group G is termed to act transitively on a set U provided forall w,s € U, 3g € G: g(u) = s, that is, the
action gives only a one orbit.

Definition 1.2.3 Stabilizer of an Element (Rose, 1978)
Let u € U and a group G act on U. The stabilizer of u in G is given by Stab;(u) = {g €G: gu = u}.
Definition 1.2.4 Fixed point (Njagi, 2016)

Given a non-empty set U and group G acting on U with g € G. The set of elements u fixed by g € G is
referred to as fixed point set of h given by Fix (g) = {u eU: h(u) = u}.

Theorem 1.2.5 Orbit — Stabilizer Theorem (Rose, 1978)

Given G actsonaset U, |0rb; (u)| = |G: Stabg (w)].

Definition 1.2.6 Direct product action (Cameron et al., 2008)

Given (G4, U,) and (G,, U,) as permutation groups. The direct product G; X G, acts on the separate union

ug,, u € U;

ug,, u € U, and on Cartesian product U; x U, by the law

U; UU, by the law u(gq,9,) ={
(U1, u2)(91, 92) = (U191, U2G7)-

Theorem 1.2.7 (Maraka et al., 2024)

The action of the product of finite alternating groups, 4, X A, X .. X 4, X A,_, acts transitively on the

Cartesian product of finite sets of ordered y —tuples, U; ! x U, x ... x U,,_," x U, if and only if n —
y = 2.

Definition 1.2.8 Orbit (Njagi, 2016)

For u € U, the action of a group G on U, partitions U into separate equivalence classes known as orbits.
Hence, Orb;(u) = {gu:g € G}.

Definition 1.2.9 Rank and Subdegrees (Nyaga et al., 2011)

Given the action of G ona set U is transitive and u € U. The orbits of G, on U are referred to as the suborbits.
The number of orbitals (rank) of G on U is the number of those suborbits and their sizes are called suborbit
length (subdegrees) of G on U.

Theorem 1.2.10 (Armstrong, 2013)

The G, X G, X Gz-orbit containing (uq,u,,uz) € Uy X U, X Uz is given by Orbg, (ug) X Orbg,(uz)) X
Orbg, (u3) and the stabilizer of (uy,u,,u3) is givenby Stabg, (u;) X Stabg, (u,) X Stabg, (us).

2. Main Results
Theorem 2.1: The number of orbitals (Rank)

Ifn—y =2, then the rank of G = 4, X A, X Ap, X An,, on U, x U, x ;M %y, s 16.
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Proof:
Let G acton U; " x U, x v, x U, Let [1,23, ..,y e U, [n+ L,n+2, .., n+y] € UL, [2n+
12n+2,..2n+yl € U and [3n+1,3n+2,...3n+y] € U, 7.

Let U={[1,23,...,y],[n+1,n+2,..,n+y],[2n+1,2n+2,...2n+y],[3n+1,3n + 2,..,3n + y]}.

Then, G, has orbits with exactly 4,3, 2,1 or no ordered y —tuple elements from U which are given as follows
in Table 1.

Table 1. The rank of acting on A,, X A,, X A,, X 4, on U, x U, x u;M x v,V

Suborbit Combinatorial formula Number of suborbits
Orbit containing four ordered y —tuple from U 4C, 1

Orbit containing three ordered y —tuple from 4C, 4

U

Orbit containing two ordered y —tuple from U  4C, 6

Orbits containing one ordered y —tuple from 4C, 4

U

Orbit containing no ordered y —tuples from U 4, 1

The rank of G on U, x U, x UM x y, " is;

R(G) = 4C, +4C; +4C, +4C, +4Co = 1+ 4+ 6+ 4+ 1.
R(G) = 16 = 2*.

Therefore, there are 2* orbits.

Theorem 2.2: The Suborbit lengths (Subdegrees)

(n-y)!

1>2 (((nf!}/)!) B 1) 2((#) - 1) ” 2<((r:!)/)!) B 1)' (2(0:;)!) B 1>2 ’ <((7:!)/)!) B 1)2 ’ <((ni!)/)!) B
1)3 ’ <((nr—l!y)1) B 1)3 ’ (((nf!y)!) B 1) ’<E(nf!y>1) B 1) ’(((nr—ﬂy)!) B 1) '(((nfly)!) - 1) '(((ni’)!) -
1) '<((nily)!) - 1) and <((nily>1) - 1) '

Proof:

The subdegrees of A, XAy, X Ay, X A,,, on UM x U, x M xu,M are; 1, (( n ) -

Let G = A, XAy, X Ap, X Ay,, 0N U, x 0, x v, x u,M. Then, U, = {[1,2,3, ..., 7], ..., [n,n —
L,,n—y+1}, LY ={n+1,n+2 ...,n+yl,...2n2n—1,..2n—y+ 11} , U ={[2n+
1,2n+2,..2n+7v],...[3n,3n—1,..3n —y + 1]} and U ={Bn+13n+2..3n+
y],...,[4n,4n—1, .. 4n —y + 1]}.

Let U; ={[1,2,3,...,y]}, so OTbGU1 = Orbc{[123...y]) y, U ={[n+1,n+2,..,n+7y]}, so OTbGU2 =
Orb(ns1n+2,..n+y])» Uz = {[2n+12n+2,..2n+y]} so Orbcu3 = Orbyan+12n+2,.2n+y)y ANd Uy
{[3n+1,3n+2,..,3n+y]},s0 Orbgy, = OTb(zn+13n+2,.3n+y]}-

Let U = {U;,U,, U3, U,}. By Theorem 1.1.10 we have; Orbg,, = Orbg, * Orbg, X Orbg, X Orbg, .

Let; U, = ([1,23, .,y N = {[1,2,3, .,y + 1], o, [on— 1, con—y + 11}, U, =
{Im+1,n+2,..,n+ y]}\UZ[V] ={ln+1,n+2,..,n+y+1],..,[2n,2n -1, ..,2n —y + 1]}, U3[y]’ =
{2n+12n+2, .. 2n+yIN\U" ={[2n+12n+2,..2n+y+1],..,[3n,3n—1,..3n —y + 1]}
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anU,M ={Bn+13n+2 .30 +yIN\EY ={Bn+1,3n+2, .. 3n+y+1],..,[4n4n—1,.. 4n —

y +1]3.
n!

(n —.V)!'
Thus, [v,77] = [0, = vV = |v, Y| = <("—) - 1) and [Uy| = |U] = |Us| = U, = 1.

|U1[Y]| — |U2[V]| — |U3[V]| — |U4[Y]| —

(n-y)!
The 16 orbits of Orbg,, are:
(a) The suborbit with exactly 4 ordered y —tuples of elements from U.
Ao= Orbg,{Us, Uy, Us, Uy}
[Ao] = |Uy| X Uz X [Us| X |U4l
Thus, |4,] = 1.
(b) Suborbits with exactly 3 ordered y —tuples of elements from U.

Ay= Orbg, (U, Uy, Us, U,): Uy € U,V

IR A P AP VAR IIA

() 1)erer
(n—y)!
Thus, [A;| = ((a:!w!) - 1)

A= Orbg, Uy, Uy, Us, U,}: Uy’ € U,

18,1 = 103] x |0,V | x U3 x 0,

:1x<((n+!],)!>_1)><1><1
Thus, |A;] = (((n?!y)!) - 1).

A= Orbg, Uy, Uy, Uy, U,}: Us' € U

18] = [Us ] x U] x [Us™] x |0,

=1>(1X(<(ni7!y)!)—1>x1
Thus, |Az] = (((n?!y)!) B 1).

Ay= Orbg, Uy, Uy, Us, U,: U, € U,
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184] = U] X (U] x (03] x |07

- 1X1X1X<((ni!)/)!>_1)
Thus, [A,] = (((ni!y)!) - 1)'

Suborbits with exactly 2 ordered y —tuples of elements from U.

As= Orbg, (U, Uy, Us, U,}: Uy € U, U, € U,

] = U] ¢ U | x U3l x [,

(@212
Thus, |4s] = (((r:!y)!) - 1)2'

Ag= Orbg (U, Uy, U3, UL} € Uy € U,V Uy € U

|Ag| = |U1[y],| X |Uy| % |U3[y]’| X Uy

= (((n 1_1!}/)!) - 1) X 1X (((n i!y)!> - 1) X1
Thus, |Ag] = (((nf!y)!) - 1)2.

A= Orbg (U, Uy, U, UL} : € Uy € 0,0, € U,

11 = |07 x (Ul x 05| x |u, 7|

= (@) <{())
Thus, 4,] = (((,:!y)z) B 1)2'

Ag= Orbg, (U, Uy, Us', U }: € U, € U™ Uy’ e U

|Ag| = |Uy| X |U2[Y]’| X |U3[y]’| X U4l

:1><<((ni7!y)!>—1)x(((ni7!y)!>—1)x1
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2
Thus, |Ag] = (((nf!y)!) B 1) '

A= Orbg, (U, U, U3, U, }: € U, € U, U, € U7
1] = 1031 5 [U,0] x [Us] x |u, 7|
n! n!
=1 X(((n—y)!)_l) x1x <((n—y)!)_1)
2
Thus, [4,| = (((nfly)!) - 1) .

Ayo= Orbg, (U, Uy, Uy, U, }: € Uy € U7, 0, € U,

|A10| = |U1| X |U2| X |U3[y]l| X |U4[Y]’|

=1x1x<(mf—!y)!)_1>x<((ni—!y)!)_l)
Thus, Ayl = (((nf!y)!) - 1)2'

(d) Suborbits with exactly exactly 1 ordered y —tuple of element from U.

Ayy= Orbg {Uy, U, U5 U, Y: € U € 0, 0y e s, 0, € U, Y

I VAR A B VA P UG

el ) () ()
Thus, Ay, ] = (((nf!y)!) - 1)3.

A= Orbg (U, U, U5, U, ) e Uy € 0, 0y e s 0, € 0,07

1zl = [0 x 1] ¢ |us™ | x |,

() e ()2
Thus, [As,| = (((n?!y)!) B 1)3'

Ays= Orbg, (U, U, U, U, }: € Uy € 0, 0, € 0,0, € 0,0
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|Ag3] = |U1m’| X |U2[Y]’| X |Us| x |U4[Y]I|

(@250 1) () -2 -)
Thus, |Ags] = (((nr_ﬂy)g) - 1)3'

A= Orbg, (U, U, U5, U,): e Uy € 0,0, € 0,0, Uy € U

|Ag4] = |U1M,| X |U2[y],| X |U3[y],| X Uyl

- ()~ () 1)< () 1)<
Thus, |Al = (((nf!)/)!) - 1)3'

Suborbits with no ordered y —tuple of elements from U.

Ays= Orbg, (U, U, U5, U} e Uy e 0,0, e 0,0 0y e U 0y e U,

|A15| = |U1[Y]’| X |U2[Y]’| X |U3[Y]’| X |U4[Y]’|

= (((nr—lily)') B 1) X <<(n Ty)!) B 1) X (((n i!y)!> B 1) X ((
Thus, |45 = ((ﬁ) - 1)4.

(n—y)!

)-1)

Table 2. Subdegrees of 4,,, X Ay, X Ap, X Ay, Actingon U;" x U,V x U5 x v,

sLlft?frtl?itOf ' (((n i!y)!> B 1) <<(n 7_1!},)!) B 1>2 <<(n i!y)!) B 1>3 <((n i!V)!) _ 1>4

Number of 1 4 6 4
suborbits

1

Theorem 2.3 (Summation of subdegrees)

The sum of the number of elements in all the 16 U —orbits equals the cardinality of U, x v, x u,"1 x

UM, thatis; 1+ 4 (((nfly)!) - 1) +6 <((n’fy)!) - 1)2 +4 <((nf’y)!) - 1)3 n <(

UZ[V] x U3[V] x U4[]/]|_

Proof:

n! .
Let a= (m) So, we have;
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1+4(a—1)+6{(a—1?*}+4{(a—1)3}+ (a — 1D*
=14+4a—4+6a>—-12a+6+4a®—-12a’>+12a—4+a*—4a® +6a*> —4a+1=a*

_(_n a_ (g Iyl Iy] vl
But, a = (25) 50 a* = (55) = [ x 0,0 x s v, 1)

Example 2.4

The rank of 4, X A, X A, X 4, acting on U;"¥ x U, x U, x u,'?) is 16 and the subdegrees are;
1,11,11,11,11,121,121,121,121,121,121,1 331,1 331,1 331,1 331 and 14 641.

Proof:
From Theorem 1.1, n —y = 2, that, 4 > 2 and the rank, R(G), is given by;
R(G) = 4C, +4C3 +4C, +4C, +4Co =1+ 4+ 6+ 4 + 1.
R(G) = 16.
Let G =4, XA, x A, x A, acton U,? x U, x u,'% x y,1?,
Then, UI[Z] = gap > Arrangements([1,2,3,4],2);
{{L2],[1L3)[1,4][21][23][24][31][32][34][41][42][43]}
UZ[Z] = gap > Arrangements([5,6,7,8],2);
{[561[57][58][65][67][68][75][7.6][78][85][86][87]}
U3[2] = gap > Arrangements([9,10,11,12],2);
{[9,10],[9,11],[9,12],[10,9],[10, 11], [10,12],[11,9], [11, 10], [11,12], [12, 9], [12, 10], [12, 11]}
and,;
U4[2] = gap > Arrangements([13,14,15,16],2);
{[13,14],[13,15],[13, 16], [14, 13], [14, 15], [14, 16], [15, 13], [15, 14], [15, 16], [16, 13], [16, 14], [16, 15]}.

LetU; =[1,2],U, = [5,6], Us = [9,10] and U, = [13,14],.S0, U = {Uy, Uy, Us, U, }}.
v, =u\u® =([1,3],[1,4],[21][23],[24][311,[3,2][3.4],[41][42][43]}
U, = U\, = {[5,71,[5,81,[651,[6,71,[681,[751,[7,61,[7,81,[851[861[87]}
U;\Us"? = {[9,11],[9,12],[10,9],[10,11],[10,12], [11,9],[11, 10],[11,12],[12,9],[12,10],[12, 11]}
and;

U\U,?
= {[13,15],[13,16],[14,13],[14, 15], [14, 16], [15, 13],[15, 14], [15, 16], [16,13], [16, 14], [16, 15]}.

41
4—-2)

|0, = |0, = |usP)] = Ju, | = 12
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= |v,e"| = (((4 flz)!) - 1) =11

By Theorem 1.1.10, we have; Orbg,, = OrbGU1 X OrbGU2 X OrbGU3 X OrbGU4.
Therefore, the 16 orbits of Orbg,, are;

|U1[2]’| — |U2[2]’

= |U3[2]'

(a) The suborbit with exactly 4 ordered y —tuples of elements from U.
D= 0rbg,{Uy, Uy, Us, Uy}
|Agl = |Uy| X Uy | X |Us| X |U,|
Thus, |4,] = 1.

(b) Suborbits with exactly 3 ordered y —tuples of elements from U.
A= Orbg,{Uy', Uy, Us, U, }: Py € U,V
I VAR FUAPVARSIIA
=11x1x1x1

Thus, |A,] = 11.

A= Orbg, Uy, Uy, Us, Uy} Uy' € U2V
|Az| = |Uy| % |U2[2]’| X |Us| X |U,l
=1x11x1x1

Thus, |A;] = 11.

Ay= 0rbg {U,,U,, U3, U, 3: Us' € U,
|Az] = |Us] X U] x |U3[2]’| x |U,|
=1x1x11x1

Thus, |A;] = 11.

Ay= 0rbg {U,,U,, U3, U,'}: U, € u, 2’
1A = U] X |Up| X |Us| X |U4[2]’|
=1x1x1x11

Thus, |A,] = 11.
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(c) Suborbits with exactly 2 ordered y —tuples of elements from U.
As= Orbg, (U, Uy, Us, U,}: Uy € U2, U, € U,
1] = |02 | x |02 x (U3 x 10|
=11x11x1x1

Thus, |Ag| = 121.
Ag= Orbg, (U, U, U5, U,): € Uy € 0,2 uy € U,

1] = |02 | x 10, x |Us | x 10
=11x1x11x1

Thus, |A¢| = 121.

A= 0rbg (U, U, U, UL} € Uy € 0,2 0, € 0,

18,1 = |02V x U, | x (V3] x |0,
=11x1x1x11

Thus, |A,| = 121.
Ag= Orbg, (U, Uy, Us', U }: € Uy’ € U5, Uy € U

|Ag| = |Uy| X |U2[2]’| X |U3[2]’| X Uyl
=1x11x11x1

Thus, |Ag| = 121.
A= Orbg, (U, U, U5, U} : € U, € U, U, € U,

[Ag| = |U,| X |U2[2]'| X |Us| x |U4[2]’|
=1x11x1x11

Thus, |Ag| = 121.
Aro= Orbg, {Uy, U, Uy, U, }: € U € U2, U, € U,

[Asol = |Uy] X |U,| x |U3[2] | X |U4[2]
=1x1x11x11

ThUS, |A10| =121.

(d) Suborbits with exactly exactly 1 ordered y —tuple of element from P.

Ayy= Orbg {Uy, U, U5, UL} € U, € U, Uy e U2, 0, e U,
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|As1] = Uy ] X |U2[2]I| X |U3[2]’| X |U4[2]’|

=1x11x11x11

Thus, |A;4] = 1331.

A= Orbg, (U, U, U, UL} e Uy € 0,0y € 0,0, € 0, Y
18zl = U2 | x 10,1 x |05 2] x [v, 2|

=11x1x11x11

Thus, |A,| = 1331.

Ays= Orbg, (U, U, U, U, }: € Uy € 0,20, € 0, 0, € 0,
|Ags] = |U1[2],| X |U2[2]’| X |Us] X |U4[2]’|

=11x11x1x 11

Thus, |A5] = 1331.

A= Orbg (U, U, U5, U} e Uy € 0,2, 0, € 0, Uy € U,
sl = U212 ¢ [0 | x U, | x 0,

=11x11x11x 1

ThUS, |A14_| =1 331.

(e) Suborbits with no ordered y —tuple of elements from U.
Ays= Orbg, (U, U, U5, U} € Uy € 02,0y e 0,2 0y e s, 0, € U,

= 00

x |u,]
=11x11x11x11
Thus, |Ai5| = 14 641.

Table 3. Subdegrees of A, x A, x A, x A, Actingon U;?! x U,? x u;® x u,?

Length of suborbit 1 11 121 1331 14 641

Number of suborbits 1 4 6 4 1

From Theorem 2.3, we have;

4

) =20736.

“4-2)

0,12 x 0,12 x 0,12 x y,12)] = (
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The sum of the elements in all the 16 orbits is;
1+ 4(11) + 6(121) + 4(1 331) + 14 641 = 20 736 = |U,?! x U, x U,1¥ x U,1?]].
3. Conclusion

From this research, it can be concluded that using combinatorial formula and mathematical induction, the
rank of A, X A, X Ay, X Ay, actingon Uy x U, x U3 x U, v n —y > 2,is 16and the subdegrees

w1 (7)) (@) 1) (G- ((ﬁ)z—1),<<(,:;),>—31)7(&,:;)!)—
1)3 ’ (((nf;)!) B 1)3 ’ (((r:!y)!) B 1)3 ’ <((nf!y)!) B 1) <((4nily)') B 1) ’ <((ni!y)!) B 1) '(((ni!y)!) B
1) '(((nr—lly)!) B 1) '(((r:!y)!) B 1) and <((nf!y)!) B 1) '
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